ALy LY764.1-mACE

‘ A244 162 A
hll\l\\\!?l\‘l‘\l‘ldIlll\\\l‘ll\\,l“mll‘ @

Developments
in
DTIC Mechanics
T ROTE
s JANOQ7 1992D Volume 16

D

R, e

Proceedings

of the
Twenty-Second Midwestern Mechanics Conference

Thxs do~vment hqs be

en approve
for publi ¢ L:ges and alepfts 4
istributicn is ux lnmted.

Edited by
R. C. Batra and B. F. Armaly

University of Missouri - Rolla
Rolla, Missouri
October 6-9, 1991




MASTER COPY KEEP THIS COPY FOR REPRODUCTION PURPOSES

REPORT DOCUMENTATION PAGE Form Approved

OMB No. 0704-0188

Public reporting burden for this cotlection of information 1§ estimated to average ! hour per response, including the ume for reviewing instructions, searching existing data sourc
gathenng g the dats needed, and leting and re g the collection of infor Send’¢

callection of information, including suggestions for reducing this burden to Washington Headquarters Services, Directorate for Information Operations and Reports, 1219 Jeft
Davis Highway, Suite 1204, Arfington, VA 222024302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, 0C 20503

regarding this burden estimate Or 3ny other aspect of th

11. AGENCY USE ONLY (Leave blank) | 2. REPORT DATE 3. REPORT’ TYPE AND DATES COVERED
. Oct 1991 Final 1 Jun 91 -
4. TITLE AND SUBTITLE . S. FUNDING NUMBERS

Twenty-Second Midwestern Mechanics Conference
DAALO3-91-G~0197

6. AUTHOR(S)
R.C. Batra and B.F. Armaly (editors)

e ————————— T~ — T e

7. PERFORMING QRGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
REPORT NUMBER
University of Missouri-Rolla

Rolla, MO 65401-0249

U. S. Army Regearch Office AGENCY REPORT NUMBER

P. 0. Box 12211
Research Triangle Park, NC 27709-2211 ARO 28904 .1-MA-CF

T T ———
9. SPONSORING/MONITORING AGENCY NAME(S; AND ADDRESS(ES) 10. SPONSORING / MONITORING

11, SUPPLEMENTARY NOTES

The view, opinions and/or findings contained in this report are those of the

author(s) and should not be construed as an official Departuent of the Army
position, policy, or decision, unless so designaced by other documentation.

12a. DISTRIBUTION / AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Approved for public release; distribution unlimited.

e e———————
13. ABSTRACY (Maximum 200 words)

Developments in Mechanics, Volume 16, is the Proceedings of the 22nd Midwestern
Mechanics Conference hosted by the University of Missouri - Rolla, October 6-9, 19?1. The
conference was sponsored by the Department of Mechanical and Aerospace Engineering
and Engineering Mechanics, and the School of Engineering, with financial support also
provided by the U. S. National Science Foundation and the U. S. Army Research Office.

“
14, SUBJECT TERMS 15. NUMBER OF PAGES
Mechanics, Conference 635
16. PRICE CODE
T T T Y T YT T T (et Y ey G G e e —— e m
17. SECURITY CLASSIFICATION [ 18. SECURITY CLASSIFICATION 119. SECURITY CLASSIFICATION [ 20. LIMITATION OF ABSTRACT
OF REPORT OF THIS PAGE OF ABSTRACT
UNCLASSIFIED UNCLASSIFIED UNCLASSIFIED UL
NSN 7540-01-280-5500 Standard Form 298 (Rev 2-89)

Prescribed by ANSI Std 23918
298-102




Twenty-Second Midwestern
Mechanics Conference. ..

October 6-9, 1991

University of Missouri - Rolla \_ﬁccesion For
Rolla, Missouri NS cRAL ”"Eg
OVis 143 €]
U ot wed ]
J.shficarion

22—
Di.t ibelion]

Lt o

Aveiialuity Codes

I . o
. A‘v’dll RN or
Dist LGl

Al |

i

P |

Edited by R. C. Batra and B. F. Armaly

Hosted by
The Department of Mechanical & Aerospace Engineering
& Engineering Mechanics, and
The School of Engineering, University of Missouri - Rolla

92-00320
VARG 92 1 6 108




Board of Directors of the Midwestern Mechanics Conference

University of Missouri - Roila
University of Missouri - Rolla
University of Nebraska - Lincoln
University of Nebraska - Lincoln
Purdue University

Michigan Technological University
Purdue University

Conference Organizing Committee

F.
C Batra
L.

. C. Jischke
. R. Koval
"R

B.
R.
R.
W. Eversman
M
L
W. Ries

B. S. AbdulNour
S. Abrate

R. C. Batra

T. Dewhurst

L. R. Dharani
M. S. Qatu

D. N. Riahi

T. G. Shawki

G. L. Viegelahn
H. M. Zbib

Conference Co-Chairman
Conference Chairman

Conference Honorary Chairman

Conference Coordinator

Scientific Committee

University of Wyoming

University of Missouri - Rolla
University of Missouri - Rolla
University of Maine - Orono
University of Missouri - Rolla
Dresser Industries, Inc.

University of Illinois - Urbana
University of Illinois - Urbana
Michigan Technological University
Washington State University

iii




Foreword

Developments in Mechanics, Volume 16, is the Proceedings of the 22nd Midwestern
Mechanics Conference hosted by the University of Missouri - Rolla, October 6-9, 1991. The
conference was sponsored by the Department of Mechanical and Acrospace Engineering
and Engineering Mechanics, and the School of Engineering, with financial support also
provided by the U. S. National Science Foundation and the U. S. Army Research Office.
The generous support of the sponsors is deeply appreciated.

The Midwestern Mechanics Conference has been held every other year since 1950.
The conference serves as an excellent forum for the exchange of ideas, and is a catalyst for
future research. Over the years, it has developed an outstanding reputation for attracting
renowned speakers and participants with diverse areas of interest in mechanics. The 1991
conference :s the twenty-second in this series.

A large number of papers in these proceedings were invited, but editorially no
distinction has been made between invited and contributed papers. Persons who helped
organize one or more technical session are listed as members of the scientific committee.
All authors were allowed two pages. The authors are free to publish their work in a suitable
journal. Even though paper summaries were reviewed, the authors of accepted papers were
not requested to incorporate reviewers' suggestions and/or correct typographical errors
noticed. The summaries included in the proceedings were photographically reproduced; the
authors are therefore responsible for their content.

A special session was organized on Current and Future Research Funding Trends
from governmental agencies. Appreciation is expressed to the representatives of the
National Science Foundation, Army Research Office, and the Department of Energy for
“"ieir contributions to the conference.

The sessions and papers are identified by a series of letters and numerals. The first
letter indicates the day or the session (M = Monday, T = Tuesday, W = Wednesday). The
next letter indicates whether the session is in the morning (M) or afternoon (A), and the
Roman numeral following this stands for the set of sessions in the morning or afternoon.
The number following the dash distinguishes parallel sessions. Thus, TAI-4 signifies a
session in the first set of sessions {right after lunch) on Tuesday afternoon. To find a paper
by an author, first find the session number, and then the page number for that session.

‘The local organizing committee sincerely appreciates the time and effort authors have
spent in preparing and submitting numerous interesting papers. We are grateful to the
authors, participants, session chairs, and session organizers for making the conference a
successful one. The financial support provided by the U. S. National Science Foundation
and the Army Research Office is grateiully acknowledged. R. C. Batra is also indebted to
Mrs. Sandy Sc' nid for taking care of the work associated with the conference cheerfully.

The Editors
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ONR's MECHANICS OF COMPOSITES RESEARCH PROGRAM

YAPA D. S. RAJAPAKSE
Office of Naval Reszarch
Mechanics Division
Arlington, VA. 22217

An overview will be provided of the research thrust in Mechanics of
Composites within the Mechanics Division at the Office of Naval
Research. Recent accomplishments will be summarized and future
reseach directions will be discussed.

Naval structures operate in a variety of hostile environments and
are subjected to complex loading conditions. Composite materials
have been used extensively in high performance naval aircraft and
missile structures. Composites have the potential of providing
many advantages, including greater depth capabilities and enhanced
stealth characteristics for submersibles. There is increased
activity in thick composites research, especially in the area of
the response of thick composites to compressive stress fields.

Resecarch issues being addressed include three-dimensional
constitutive equations and lamination theories, micromechanics,
damage evolution, failure modes and mode coupling, failure
theories, environmental effects, dynamic response and quantitative
nondestructive evaluation.

Recent accomplishments which will be presented include: three-
dimensional lamination theories based on micromechanics
considerations; mixed mode delamination crack growth; compression
failure in unidirectional composites; moisture induced damage and
effects of stress; impact damage models and concepts for
controlling impact damage; coupling between local material failure
and structural failure; leaky Lamb wave technique for
characterization of composite mechanical properties and defects;
scanning acoustic microscopy for assessment of near surface
microstructure.




ASSESSMENT OF OVERALL PLASTIC STKRAIN PREDICTIONS
USING MICROMECHANICAL MODELS OF FIBROUS MEDIA

George J. Dvorak and Yehia A. Bahei—El-Din

Institute Center for Comj:osite Materials and Structures
and Department of Civil Engineering
Rensselaer Polytechnic Institute
Troy, New York 12180

Numerous analytical models have been proposed for prediction of the inelastic response of
fibrous composites. In one class of models, micromechanical aspects of the composite are
accounted for, and the overall strains are computed from constitutive behavior of the
phases and their mutual constraints. Representation of the fiber/matrix interaction vary
considerably among available material models. The self—consistent (Hill 1965) and
Mori—Tanaka (1973) methods rely on Eshelby’s solution of an inclusion problem in which a
single elastic inclusion is embedded in an infinite elastic matrix, while the whole assembly
is subjected to remote uniform stress or strain fields. In their application to elastic—plastic
composites, these methods are modified so that successive problems are solved under
incremental loading while the matrix assumes the instantaneous moduli computed with a
plasticity model of the matrix material (Dvorak and Bahei—El-Din 1979, Lagoudas and
Gavazzi 1990). The phase stresces and strains are known only in average sense, and the
overall yield surface is found as the locus of overall stresses which correspond to initial
yielding in the matrix. In this case, the assumed normality of the matrix plastic strain
increment in the matrix stress space is carried into the overall stress space.

A semi—phenomenological bimodal theory (Dvorak and Bahei—El-Din 1987) was developed
hased on experimental observations from tests conducted on a boron/aluminum composite
(Dvorak et al. 1988). The theory postulates two plastic deformation modes in fibrous
composites, matrix—dominated mode (MDM), and fiber—dominated mode (FDM). In the
MDM, plastic straining of the fibrous composite is caused by plastic slip on matrix planes
which are parallel to the fiber longitudinal direction. Apart from specifying the direction of
the slip planes, the fiber does not participate in this mode. In the FDM, both the fiber and
the matrix deform together, and the overall response is found from an averaging model
such as the self-consisteut or Mori~Tanaka models. The overall yield surface consists of
two branches, each corresponds to the onset of yielding in the composite derived from cne
of the postulated deformation modes. In this model too, the overall plastic strain
increment is normal to the relevant branch of the yield surface.

More accurate micromechanical representation of fibrons media is found in periodic array
models in which the microgeometry in the transverse plane is idealized by periodic
dispersion of the fibers into the matrix. Under overall uniform fields, the response of the
composite aggregate can be found from analysis of a unit cell. While numerous
microgeometrical idealizations appear in the literature, only the Periodic Hexagonal Array




(PHA) model (Dvorak and Teply 1985, Teply and Dvorak 1988) provided upper and lower
bounds on the overall instantaneous stiffness and compliance. In a typical PHA analysis
under overall uniform fields, the local fields are assumed to be piecewise uniform and
solution of the unit cell is found using the finite element method. Transformation of the
local yield condition in each subelement to the overall stress space provides a cluster of
overall yield branches, each corresponds to initial yielding in a matrix subelement. In this
case, the overall plastic strain vector must lie within the cone of normals found from the
overall yicld branches which contain the loading point (Dvorak et al. 1990).

Reliability of the predictions offered by the above models can be evaluated only in
comparison with experiments. This has been hindered by the lack of general experiments
which can provide critical evaluation of theoretical models. The present paper is concerned
with both experimental evaluation and theoretical predictions of the overall plastic strains
and yield surfaces in fibrous composites. = The paper presents results of an
experimental/theoretical program aimed at development and evaluation of the
micromechanical models described above. Specifically, overall yield surfaces and plastic
strains found from multiaxial tests on a boron/aluminum composite are presented.
Numerical simu! ’ions using three different models, the PHA model, the bimodal theory,
and a modified h..ori—Tanaka scheme, are also presented and compared to the experimental
results.  The paper addresses questions related to the notion of a yield surface and
normality of plagtic strains in fibrous media.

The results indicate that reliability of the predictions varied significantly, particularly
where plastic strains are concerned. Only the PHA model appear to be of value in this
regard, but the shape and position of the overall yield surfaces were well predicted even by
the matrix—d~minated mode of the bimodal theory.
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THERMOVISCOPLASTICITY THEORY BASED ON OVERSTRESS
APPLIED TO METAL MATRIX COMPOSITE ANALYSIS

Erhard Krempl
Mechanics of Materials Laboratory
Rensselaer Polytechnic Institute
Troy, N.Y. 12180-3590

The thermoviscoplasticity theory based on overstress (TVBO) considers all inelastic
deformation rate dependent and consequently does not use separate constitutive
assumptions for time(rate)—independent plasticity and creep. Also, the concept of
a yield surface and associated loading and unloading conditions are not employed.
The small strain rate is the sum of the elastic, inelastic, and thermal strain rates
(for the isothermal, case a firite deformation version is also available). The latter
is the product of the temperature dependent coefficient of thermal expansion and
the temperature rate.  The inelastic strain rate is only a function of the
overstress, the difference between the stress and the equilibrium stress, a state
variable of TVBO. It represents the stress which can be sustained in equilibrium
after inelastic deformation has occurred. Two other state variables, the kinematic
stress and the rate—independent (isotropic) stress, are also part of the theory.
The former sets the slope of the stress—strain diagram at the maximum strain of
interest which can be positive, zero, or negative. For the modeling of cyclic
ncutral behavior, the rate—independent stress is constant but has a growth law for
the modeling of cyclic hardening (softening). The rate form of Hooke’s law
constitutes the elastic strain rate. All constants can be a function of temperature
and it is assumed that identification of the material properties under several
isothermal conditions is sufficient to model the behavior under varying temperature.
In the quasi elastic regions, the contribution of the inelastic strain rate is
negligibly small and stress—strain diagrams appear to be linear. As the stress
increases the inelastic contributions increase also and yielding is modeled before
significant inelastic flow sets in. TVBO was shown to model rate sensitivity,
creep, relaxation, and cyclic hardening (softening) in uniaxial and biaxial loading.
For high temperature, a recovery of state formulation is also available.

The isotropic TVBO is combined with the Vanishing Fiber Diameter composite
model (VFD) proposed by Dvorak and Bahai—El-Din to obtain a representation of
metal matrix fibrous composite behavior. Fiber volume fraction characterizes the
composite. Three model systems (GréAl, B/Al, and SiC/Ti) are investigated using
available material data and assumed but realistic properties. Investigations include
the effect of residual stresses due to fabrication on the thermal cycling behavior
(Gr/Al) and the subsequent isothermal stress—strain behavior (B/Al).  Residual
stresses can redistribute during rest periods at no load and cause a marked
asymmetry in the stress—strain behavior in the fiber direction.  For SiC/Ti,
numerical experiments were performed to elucidate the behavior under in—phase and
out—of-phase thermomechanical cycliag. Significant ratchetting is observed in the
transverse direction.




A THEORETICAL MODEL FOR THE PLASTIC BEHAVIOR OF STABLE
DUAL-PHASE STEELS

A.Bhattacharyya and G.J. Weng
Department of Mechanics and Materials Science
Rutgers University
New Brunswick, New Jersey 08903

The morphological influence of the martensitic phase with prior phase transforma-
tion on the deformation behavior of isotropic dual-phase steels is studied by a simple,
although approximate, theory using Eshelby’s(1957) classical solution of a misfitting
inclusiun in an infinite medium. The finite concentration effect 1s incorpurated using
Mori-Tanaka’s(1973) concept of average stress. The theory is intended for randomly
oriented spheroidal inclusions though extension to the ellipsoidal case is conceptu-
ally straight forward. The analysis unfolds after that of Qiu and Weng(1991). A
paramctric study is done to uncover the effect of phase transformation strain on the
overall volume change of the two-phase composite. It is analytically shown that the
dual-phase system is rendered plastically incompressible when the constituent phases
share the same bulk moduli. For the isotropic system, the effective stress of the duc-
tile matrix is insensitive to the prior phase transformation strain but the subsequent
total strain of the two-phase system in general depends on it. When both phases
share the same bulk moduli, the latter dependence becomes constant and thus the
subsequent plastic behavior of the composite according to this model remains inde-
pendent of the prior phase transformation strain. Such will not be the case when the
bulk moduli of the phases are not the same. Moreover, we assume, as is reasonable
for most steels, that the phases share the same elastic moduli. Thus the yield stress
of the composite also turns out to be the same as the yield stress of the matrix. The
overall implication is that the composite, like the ductile matrix, can be represented
by five parameters, two of them elastic - x and p - and three of them plastic - oy,
h and n - when the modified Ludwik equation is chosen as the plastic constitutive
equation for the ductile phase. The Prandtl-Reuss flow rule can also be used.

In order to conduct a theoretical study of the morphological influence of the
inclusions on the overall behavior of the composite, the phenomenological Considere
Criterion is used to find the anticipated uniaxial stress and strain at necking. Consis-
tent with experimental observations of Sugimoto et al.(1985) as also that of Koo and
Thomas(1977), it is found that any kind of reinforcement is beneficial to the com-
posite, with the disc type providing the best ductility and strength. A quantitative
assessment is provided. Subsequently, the elastoplastic behavior of the composite is
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compared with the experimental data of Sugimoto et al(1985) for dual phase steels,
at aspect ratios a= 1 and (.2. Reasonably good results are obtained as evident from
Figurces 1 and 2 above.
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NUMERICAL EXAMINATION OF LONG-ROD PENETRATION

Charles E. Anderson, Jr.
Southwest Research Institute
P. O. Drawer 28510
San Antonio, TX 78228-0510

''he theory of Tate' has been applied very successfully to the penetration ot long-rod projectiles
into semi-infinite targets. The theory is based on a one-dimensional modified steady-state Bernoulli
theory where the strength of the projectile Y, and the resistance of the target R, to penetration are
explicitly accounted for in the model. A companson of numerical simulations of the time- dependent
penetration of a tungsten-alloy long-rod projectile into a hardened-steel target with the Tate model
demonstrates that the Tate model presents a reasonably accurate picture of the time history of long-rod
penetration, Fig. 1.2 L6
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There are two relatively minor discrepancies between the predictions of the Tate model and the
numerical simulations. The analytical model predicts that the rear of the projectile decelerates too late
and too rapidly at the very end of penetration, and it predicts that the projectile is fuily eroded, i.e., the
final length of the projectile is zero. The first discrepancy is a consequence of the model not explicitly
accounting for a plastic zone within the projectile near the projectile/target interface. It is seen from
the numerical simulations that projectile material begins to decelerate when it enters the plastic zone.
Numerical simulations also show a residual portion of the penetrator remaining in the bottom of the
impact crater which is in agreement with experiment.2 Full erosion of the rod is predicted from the
Tate equation as a consequence of the assumption of a constant R, with R, > Y.

1. A. Tate, "A Theory for the Deceleration of Long Rods after Impact,” J. Mech. Phys. Solids, 15, 387-399 (1967).

% 98:15 Anderson, Jr. and J. D. Walker, "An Examination of Long-Rod Penetration,” submitted for publication,




Wright’ has highlighted the theoretical difficulties with the Tate model, but in practical
applications of the model, these criticisms appear to manifest themselves largely in the difficulty to
determine an accurate value for the target resistance R, from first principles. R, embodies both the
compressive strength of the target as well the need to account for target confinement in a
one-dimensional context. Hence, R, incorporates the effect of the extcnt and rate of plastic deformation
within the target; thus, R, changes with impact velocity. Although the target resistance R, can be used
to rank target materials, care must be exercised since R, is not an intrinsic material parameter.

Time-resolved depth-of-penetration experiments and numerical simulations are used to examine
R, as a function of penetration depth for long-rod penetration into semi-infinite targets, Fig, 2.* Itis
found that R, changes considerably during penetration, Fig. 3, and that the values which are used in
predicti4ng penetration performance must be considered to be an average over the entire penetration
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3.T. W. Wright, " A Survey of Penetration Mechanics for Long Rods,” in Computational Aspects of Penetration
Mechanics, J. Chandra and J. E. Flahent, (Eds.), pp. 85-106, Springer-Verlag, Berlin-Heidelberg (1983).

4. C.E. Anderson, Jr., J. D. Walker, and G. E. Hauver, "Target Resistance for Long-Rod Penetration,”
Compuwaional Impact Mechanics, W. K. Liu, T. Belytschko, and T. Aizawa (Eds.), Elme Press Interational, 1991.




PENETRATION INTO SOIL TARGETS CIIARACTERIZED BY A
POWER-LAW SHEAR FAILURE ENVELOPE

Vincent K. Luk
Senior Member, Technical Staff
Division 9123
Advanced Projects Il

Sandia National Laboratories
Albuquerque, New Mexico 87185

SUMMARY

An analytical pensetration model was developed for ogival-nose projectiles that
penetrated semi-infinite soil targets at normal incidence. Post-test target observations
and triaxial, material-test data on samples cored from the soil targets guided the
model development. Constitutive models of soil targets use a locked hydrostat to
approximate the pressure-volumetric relationship and idealize the shear strength-
pressure behavior with a power-law shear failure envelope. Previous constitutive
models of geological targets adapt the constant shear strength for reinforced-
concrete targets (Luk and Forrestal, 1987) and the Mohr-Coulomb and the Mohr-
Coulomb with a Tresca-limit yield criteria for soil targets (Forrestal and Luk, 1991).

The target analysis was simplified by using the spherical cavity-expansion
approximation to describe the dynamic expansion of spherical cavities from zero initial
radii for elastic-plastic materials with a locked hydrostat and a power-law shear failure
envelope. The target resistance to penetration is measured in terms of the normal
stresses on the projectile nose. These stresses are approximated by the radial
stresses at the cavity surface that are related to the cavity-expansion velocity from the
results of the spherically symmetric cavity-expansion analysis. Penetration equations
were derived to calculate the depth of penetration from the resistance force on the
projectile nose. The predicted penetration depths are in reasonable agreement with
penetration data from field tests.
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FAILURE OF DUCTILE BEAMS SUBJECTED TO LARGE DYNAMIC LOADS

Norman Jonas and Wel Qin Shen
Impact Research Centre
Department of Mechanical Engineering
The University of Liverpool
P.0. Box 147, Liverpool L69 3BX, U.K.

ABSTRACT

The behaviour o° structures when subjected to large dynaric loads has
been examined by many authors with the aid of the plastic metheds of anal-
ysis L1). In some practical applications, failure or damage, is associated
wilh excessive displacements of a structure. However, in otr.r situa-
Lionis, 4 designer must estimate the maximum possible impact load or
maximum energy absorption in order to assess the safety of a structure or
component. Tiese quantities are limited by the ductility of the material,
which, how=sver, is assumed infinite in most theoretical and numerical
studies on structural crashworthiness [2] and impact energy absorption.
In practice, a 3tructure or component may tear and fail due to excessive
local plastic strains.

The dynamic inelastic failure of beams has been examined for the two
extreme cases c¢f impulsive loading L3) and impact loading L[4,5]. Various
failure modes have been identified and soms success has been achieved 1in
pregicting the failure of impulsively loaded beams. It is obsersed that a
tensile tearing failure may occur at sufficiently large impulszive loads
which produce large transverse displacements and geometry chat gs2s. Thus,
the bending moment and the membrone force combine to control nlastic flow
of the beam. On the other hand, it is observed that a transverse shear
failure, which is manifested by transverse shear sliding at the supports,
may develop at higher impulsive veloecities. In this case, the Lransverse
displacements of a beam remain small and plastie flow is governed by a
transverse shear foree and A bending moment.

The impact loading case is much more difficult to characlerise and
further research is required (6,7]. It is observed that either a tensile
tearing failure or a transverse shear failure may occur depending on the
impact location of the striker. However, other failure modes may also
develop which are not observed in the impulsive loading casec. For
sxample, a local failure may develop from the indentdation site on the beam
surface produced immediately underneath the impact point of the swriker.
Impacts near a support may also involve complex plastic interactions
between the bending moment, membrane force and the Lransverse shear forcce.
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Some recent studies have exnlored the use of a criterion based or &
critical density of plastic work in order to predict the dynamic failure
of beams [8]. This approach has been used to examine some experimental
results on aluminium alloy beams subjected to large impulsive velocities
which cause either a tensile tearing failure within the span due to rup-
ture of the material or a transverse shear failure at the supports.
Theoretical predictions are made for this particular problem using an
interaction yield surface which c¢rmbiaes the influences of bending moment,
transverse shear force and axia. tensile force [9). These results are
used to adentify the conditions associated with the two major failure
modes identified in the experimental tests on the strain rate insensitive
beams.

Cur:..ntly, the validity of this critical density of plastic work
criterion is being explored for the impact failure of beams struck at dny
JCint, on the span by blunt me-ses. It is anticipated that the failure
mode will change from a tensile .earing failure mode to a transverse shear
failure mode as the impact poin' moves from the mid-span to a support. An
initial exploration of this erergy density failure criterion for the
impact failure of a clamped circular plate strucy by a blunt projectile
reveals some interesting insight into the penetration problem, particu-
larly on the shape and size of wrojectiles on renetratior capability. It
is possible that this failure criterion, or a modified versinn, could also
be used for the dynamic failure of other plates and shells.
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IMPACT STUDIES ON S-2 GLASS/PHENOLIC

S. J. Bless -
B.M. Azzi
N.S.Brar

University of Dayton Research Institute
Dayton, OH 45469-0180

Impact failure of S-2 Glass® composites was studied. Target resistance to
penetration was determined by shooting projectiles with various nose shapes through .5-
inch panels. Projectile deceleration was measured; Fig. 1 shows results for penetrating
impacts.

There appear to be five penetration modes of glass composites - shock, double
shear, single shear, cavity expansion, and tensile stretching. Two of these lend
themselves to careful study: shock, which can be enhanced by use of blunt projectiles,
and cavity expansion, which dominates with sharp projectiles. For both of these
penctration modes, we have developed models to relate the target resistance to basic
material properties - the shock impedance and the lateral compressive strength,
respectively.

Tensile strength was measured by means of a split Hopkinson bar. Two specimen
designs were employed in testing bundles of fibers. Tests were performed at strain rates
that are characteristic of impact. The tensile strength of glass fibers was found to be
strain rate dependent; Figure 2 shows a stress strain curve from a split Hopkinson bar
test at a moderate strain rate. Due to compliance in the fixture, the measured strain
overestimates the actual strain in the glass itself. The modulus derived from this curve is
much higher than the elastic modulus and therefore can not be real. The strength,
however, should be correct. The coefficient of variation of strength of the S-2 Glass®
fibers used in this study is bout 1 %, which implies that the strength of the filament is
very near that measured for the bundlel? (Figure 2).

Compressive strength and shock impedance were determined by fiver plate
impact. Target diagnostics were with manganin piezoresistive gauges. Nc¢ -'2ar HE.. was
observed, but the shock impedance was well defined and was only slightly n » = than
epoxy.




Penetration models of the shock penetration phase are in good agreement with
the experimental shock impedance. However, analysis of the cavity expansion
penetration phase (based on reference 1), assuming lateral cavity expansion, indicates
that the effective target strength is less than that which is measured statically. ‘The
reason is probably loss of shear strength due to tensile hoop failure. Better results might
be obtained with a tensile tailure/shear failure model, such as has been used with some
success for brittle materials,
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LARGE DAMPED MOTIONS
OF ELASTIC STRUCTURES

STUART S. ANTMAN
Department of Mathematics and
Institute for Physical Science and Technology
University of Maryland
College Park, Maryland 20742

This lecture describes large motions of nonlinearly elastic rods subject to nonlinear
viscous dissipation. The nature of suitable dissipative mcchanisius is first discussed in a
very simple setting of discrete mechanics and then in a more general setting for continua.
It is shown that in physically and mathematically natural dissipations the dependence
of stress on strain rate must be intimately related to its dependence on strain.

Next the specific problem of the longitudinal motion of a nonlinearly viscoelastic
bar carrying a heavy tip mass is studied in the asymptotic limit as the ratio of the
mass of the bar to that of the tip mass goes to zero. A rigorous mathematical analysis
shows that the governing cquations can have a very surprising structure. Finally the
analogous asymptotical problem for flexural motion is treated. Here the asymptotics
offers an attractive description of snapping motions.




ACCELERATION WAVES IN ELASTIC PLANAR RODS

H. Cohen
Department of Applied Mathematics
University of Manitoba, Winnipeg, Manitoba, Canada

We model a rod as a directed curve Cg, whose motion in physical space £ we specify by the vector valued
functions

r=r(st) , da=ds(st) , a=12,3, (1)

where ¢ denotes time and s is a material (convected) coordirate. The vector r is the position vector to a
moving curve C, the azis of the rod, which is parameterized by the convected coordinate s. The vectors d,,
the directors, define a vector triad distribution on C which models the motion of the cross sections D of the
rod. We assume that the d, are an orthonormal triad, with two of its vectors in the plane of D and the
third orthogonal to D. This assumption restricts the motion of the cross sections to be rigid. A dynamical
theory of rods founded on these assumptions is usually called Cosserat rod theory.

We assume that C moves in a fixed plane P in £, with the cross sections D always perpendicular to P.
We refer to rods and rod motions restricted in this way as planar. We choose d; along the unit normal to D
and dj along the unit normal to P. While d, constitute a basis which is fitted to the cross sections D, there
is another basis of importance, the Frenet basis (¢, p, d3), which is fitted to the axis C, where ¢ and p are its
unit tangent and unit principal normal, respectively. We introduce a fixed orthonormal basis e;(i = 1,2,3)
of £, with e3 = d3. Then, we can write

t =cosfe; +sinfe; , p=—sinfe; + cosle,, (2)

dy = cose; +sinye; , dz = —sinye; + cosyes, (3)

in which the angles 6, ¥ have an obvious geometric interpretation. We also introduce the angle y between ¢
and d,, which is clearly related to 8 and ¢ by

r=0-9. (4)

We choose an arbitrary (planar) configuration C4p as the reference configuration, relative to which we
may assess the motion of C4. We assume 2 to be arc length in Cr. Then, we see that

' = M, ('= 8/0s), (5)
where A measures the ratio of arc lengths in the configuration C to that in Cr. We call A the streich, v the
shear and define f, the flezure, by

f=v. (6)
The set ( A, 7, f) are deformation variables. Together with their values in Cqn they fully characterize the
strain of C4 relative to C;z. We note the restrictions A > 0, | v |< x/2, which are imposed by considerations

of impenetribilily of matter. When the reference configuration Cyg has a straight axis, with cross sections
orthogonal to the it, we easily compute that Ag = 1, g = fr = 0. We note further, from (4), that

f=:~-9 , k=¥, )
where « is the curvature of C.

The kinematics of the rod is characterized by the time derivatives of the motion. Sufficient for our
purpose are the velocities and accelerations, defined repectively for planar motions by

v=+%,v=vy,and a = #,a =, (= §/dt). (8)

15




We characterize a wave on a rod by a moving singular point w = 5,,(t) on C, whose location in space is
defined by its position vector »,, = £, (1) = r(8,(t),2). A singular point is one at which some field variables
or their derivatives, generically denoted by &, have jump discontinuities [}, where [¢] = ®~ - &+, &* =
lim—o ®(w £ €). An acceleration wave is defined by the conditions [a] # 0,[a] # 9,[v] = 0,[v] = 0. The
specd of propagation, Up = 4, is clearly the speed of the wave as seen relative to an observer fixed in the
reference configuration Cgr. For the treatinent of acceleration waves certain relations between the jumps in
the time and spatial derivatives are important. These are the compatibility relations

(4] = -Us[¢], [#]=UA[4"], 9)
the first of which is valid when [®] = 0, while the latter is valid when [®] = [¢'] = 0.
The field equations arise as local forms of the glubal laws of balance of linear and angular momentym

for the rod. When the velocities of the rod are continuous, as they are for acceleration waves, these local
forms are the differential equations

n'=pra , m' +¢ xn=Kraes, (10)
where n and m are the stress force and bending moment, respectively, with 1 L m,m = mes; py and Kp
are the mass and inertia densities of the rod per unit length of Cg, respectively. Equations (10) hold at all
points of € which are not singular; at singular points the jumps of these equations prevail. We have excluded
the inclusion of body force and moment from (10) as a matter of convenience.

We write n = n,t + n,p and assume nonlinear constitutive relations of the form

e = ng(A, 7 8).mp = p(A, 75 8),m = (£ 5), (11)
subject to the further condition that either one or both npa = 0,n5 ~ n, = 0 will hold. The forms in
(11) and the additional conditions ate those which will be seen to give rise to waves that are uncoupled with
respect to the deformation set (A, 4, f).

To investigate the wave propagation problem we form the jump of the ficld cquations (10), insert the
definitions (7) and accelerations (8), the constitutive relations (11), utilize the compatibility relations (9), and
take components with respect to the (¢, p, e3) basis, to arrive at a set of linear equations in the strain gradient
jumps (IN], [}, [f'D)- The sct of all such jumps may be taken as the column vectors w = ([N}, [+]. /DT
of a thres-dimensional vector space W, the elements of which we refer to as the ware mode vectors; we use
the superscript T to denotc the transpose of a matrix. The aforementioncd linear set takes the form

(Q-UiKp)w =0, (12)
where Q. K g are the 3 x 3 matrices
(n,,a ng,—-np 0
Q=|npa npr+n 0 ) K = diag(pr, pr.K ). (13)
0 0 my

Equation (12) defines an cigenvalue problem on W, whose cigenvalues U} define the three possible wave
speeds, and whose eigenvectors w are the associated wave modes. The wave speeds, which we assume to be
real and distinct, are given by the solution of the characteristic equation det(Q — U2Kg) = 0. We note that
Q is generally non-symmetric, while Kg is positive-definite. We conclude that, with respect to Kz as metric
on W, the wave modes will be generally non-orthogonal.

Three possible situations arise dependent upon whether one or both of n, s = 0,n,, - n, = 0, hold.
When both of these hold the wave speeds and modes are given by

Ui = nipfon (V1 # 0.0 =0, = 0; (14)
Uy = (np4 + 1) dpr, [Y1 £0. V] = 0.[f) = 0: (15)
Uy =my/Kn [S1£0.0)=0,h]=0. (16)

We call these principal plane waves. These waves have pare wave modes, for the effects of steetch, shear and
flexure are completely uncoupled within them. For the two remaining situations in which one, but not both,
of the constitutive restrictions hold, we find wave specds that are the same as in (14)-(16). Howcever, now
the associated modes (14), (15) couple the effects of stretch and shear, while (16) remains unchanged.

For a list of works which expand on this topic, we refer the reader to: B. Cohen On Ware Propagation
and Erolulion 1n Rods, Rand. Sem. Mat. Univers. Politecn. Torino, Vol .47 (1991).
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NON-AXISYMMETRIC NECKING

Yi-chao Chen
Department of Mechanical Engineering
University of Houston

Houston, Texas 77204

Necking is a well-known instability phenomenon that has stimulated many
theoretical studies. Among others, Antman [1] studies the phenomenon by using an
elastic rod theory that allows both radial and axial deformations, and finds solutions
that appear to represent necking deformation. Owen [2] shows that antman's solution
is stable in the sense that it minimizes the total strain energy in a certain function
space.

In the above works, only axisymmetric deformations are considered. However,
experimental observations have revealed certain non-axisymmetric deformations at
the initial stage of the development of necks. For example, Buisson and Ravi-Chandar
(3] observe, in a uniaxial tension experiment with polycarbonate, the formation of a
"shear band" preceding the necking deformaitons. It forms a certain angle with the
axis, which increases as the tension progresses with the shear band eventualily
evolving into an axisymmetric neck.

In this paper, we study the onset of this non-axisymmetric deformation by using an
energy stability criterion.

Consider axisymmetric deformations of an elastic rod that 1s stretched by a
loading device which specifies the axial displacements of the ends of the rod The
material of the rod has the property that the axial force required for a homogeneous
stretch » of the rod is a strictly increasing function of X in the ranges of small and
large deformations, and strictly decreasing in the intermediate deformation range.
Two stretches M and A2 , one in the smail deformaiton range and the other in the large
deformation range, can be determined by the Maxwell equal area rule, that
characterizes the necking behavior. Specifically, when the specified displacement 1s
such that the corresponding homogeneous stretch A is between ), and Az, an
inhomogeneous half-necking solution is possible, that consists of two approximately
homogeneous sections characterized by A\, and A2, and a smooth transition section
connecting the two approximately homogeneous sections.

For a given \ between A; and Az, the half-necking solution has a lower total stran
energy than the homogeneous solution does, provided that the length of the rod I1s
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sufficiently large. Here, the last condition is critical. It is shown in the paper that for
a short rod the half-necking solution has a higher strain energy. Equivalently, for a
rod of given length, the half-necking solution will have a higher strain energy than the
homogeneous solution does if \ is sufficiently close to A;.

Such a behavior can be explained as follows: As the value of A exceeds A, a part of
the rod tends to shift to a deformation state A; that provides a large stretch so that
the remaining rod can stay at the deformation state A, of small stretch. The increase
in strain energy due to shifting the part to A2 is less than that required by deforming
the entire rod to the homogeneous stretch A. The energy reduction depends on the value
of A- A;. When this value is small, the energy reduction due to the shifting 1s also
small. On the other hand, the shifting is companied by a rapid change in radial
deformation occurring in tne transition section, which incurs an increase in the total
strain energy. This increase is virtually independent of the value of A - A1, and might
well offset the reduction in the strain energy due to the shifting when A - A is small.
In fact, it is shown in the paper that when ) is sufficiently close to A;, the
homogeneous deformation has the lowest energy among all smooth axisymmetric
deformations.

It then follows naturally that a deformation with two homogeneous stretches A; and )\:
but without transition may have a lower total strain energy. In this paper, one such
deformation is constructed, which consists of two parts: One is a homogeneous
axisymmetric deformation with axial stretch A, ind the other a homogeneous
non-axisymmetric deformation with a principal stretct ‘2, the principal direction
forming a non-zero angle with the axis of the rod. The.e two parts are connected
together continuously without a transition. Such a deformation pattern has a similar
form to that observed by Buisson and Ravi-Chandar, with the non-axisymmetric
deformation corresponding to the shear band. A direct calculation shows that, for
certain values of A, this non-axisymmetric deformation pattern has a lower total
strain energy than that of the homogeneous deformation, and consequently lower thar
:hat of the half-necking deformation. As the value of A increases, the energy
difference between the axisymmetric half-necking deformation and the
non-axisymmetric deformation decreases, and becomes negative at a certain point,
giving nse to a stable axisymmetric half-necking deformation.
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SCALINGS AND CONSTRAINTS IN STRUCTURAL MECHANICS

Paolo Podio—Guidugli
Dipartimento di Ingeneria Civile
Universita di Roma "Tor Vergata"
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An interesting conceptual problem in continuum mechanics is to derive from
three—dimensional elasticity the equations of structural mechanics, in particular, the
equations of rods, plates, and shells. In the problem’s long history two main lines of
thought emer{;e, both aiming to capture the peculiar character of structures as continuous
bodies, their "thinness". One line, which can be traced back to Cauchy and Poisson
(1827-1828), points to a judicious use of asymptotic expansion techniques in a thinness
parameter, and has led to the development of the scaling method by Ciarlet, Destuynder
and coworkers [1]. The other line, whose roots are in a famous paper by Kirchhoff (1850),
sees structures as continuous bodies that are counstitutively capable only of deformations
belonging to a certain specific class; its more recent implementation is the constraint
method employed in [2] and later papers.

The purpose of this nresentation is twofold: (i) to discuss the formal structure of the
scaling method, and possible generalizations of it; (ii) to indicate how the scaling and the
constraint method supplement and lend significance to one another.

[1]  P.G. Ciarlet, Plates and Junctions in Elastic Multi—Structures: an Asymptotic
Analysis. Masson, 1990.

[2]  P. Podio—Guidugli, An exact derivation of the thin plate equation. J. Flasticily, 22,
121133, 1989.




NUMERICAL SIMULATION OF A VORTEX/SHOCK INTERACTION *

M. Shu 1
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McDonnell Douglas Research Laboratories
P. 0. Box 516, St. Louis, Missouri 63166

Washington University
Campus Box 1185, One Brookiugs Dr., St. Louis, Missouri 63130

Recently, there has been much interest in acoustic design issues such as the reduction of structural fatigue
and interior noise related to the use of both high- and low-bypass jet propulsion in commercial aircraft. As always,
there is public interest in reducing the noise Jevels around airports. With the use of high~performance noziles in
commercial and military aircraft, noise levels generated by jet engines become an increasingly important design
constraint and there is growing awareness of noise related to shocks in the jet exhaust. Although the usefulness of
computational fluid dynamics has been proven for many applications, the use of these techniques has been quite
limited in some areas, Cutrently, a numerical algorithm is being developed that is capable of sirnulating gas-
dynamic physics for the fundemental study of supersonic/acoustic phenomena. The algorithm employs an alternating-
direction-implicit scheme to integrate the finite-volume formulation of the unsteady Euler equations in time. Flux-
differences are upwinded and total-variation-diminishing flux-limiters are incorporated to establish second-order
spatial accuracy. The solution methodology and a multitude of code-validation test problems have been published
by Shu and Agarwal. ' We intend to use this shock-capturing code to study a simple two-dimensional vortex/shock
interaction and evaluate the code’s utility for more complex interactions.

Our preliminary study resulted in a numerical time-evolution solution of the convection of a strong vortex
through a normal shock. These results are shown as a series of pressure contour plots in Fig. 1. The solution
wis obtained on a 220-cell-by-100-cell grid. Pressure contour plots are shown every 0.1 nondimensional time units
starting at 0.15. The deflection of the shock due to the presence of the vortex is evident by time 0.25. At this time, the
vortex center has coalesced with the shock. The deflection of the shock is due to the clockwise circulation. Upstream
of the shock, the vortex velocity contributes to higher Mach number flow above the vortex core and lower Mach
number flow below the vortex core. In turn, downstream of the shock, pressures are higher above the vortex core and
lower below the vortex core. At time 0.35, the vortex center has been convected through the shock and branching
of the shock is noticeable near the high-pressure region above the vortex. As time progresses, the branching of the
shock becomes more pronounced, as shown for time 0.45 and time 0.55.

‘The computed solution is qualitatively compared with the experimental findings of Naumann and Hermanns.
The shock branching shown in the computed solution is also compared to the numerical results of Meadows, Kumar
and Hussaini. * The computed results are in qualitative agreement with experimental and numerical data of other
investigators. The high resolution of the flow features in the computed solution gives an indication of the potential
of the method for further analysis of more complex interactions.

The enlutions presented in the abstract resulted from a preliminary study. A more thorough analysis of the
approach and resulting solutions will be performed. In the complete paper, the governing equations and specifics of
the time—-integration scheme will be presented. A complete description of the hybrid vortex model will be given. Grid
generation and boundary conditions will be described in full detail. A more comprehensive treatment of background,
results, discussion, and conclusions will be included.
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IMPLEMENTATION OF A TVD SHOCK VISCOSITY
FOR IMPACT CALCULATIONS

David J. Benson
Dept. of AMES R-011

University of California, San Diego
La Jolla, CA 92092

It is well known that the numerical solution of problems involving impact by explicit
finite difference or finite element methods requires the addition of a term, usually referred
to as the “shock viscosity,” to eliminate spurious oscillations behind the shock wave [1].
Several different forms for the shock viscosity have been proposed in the literature [2-5],
but the most common form is the isotropic bulk viscosity, which is treated like a pressure
term in the momentum and energy equations. For a 1-D flow without shear stresses,
the equations of motion are given by Eq. 1, where the density, velocity, pressure, shock
viscosity and total energy per unit volume are p, u, P, Q, and £ respectively.

o+ (pu)z =0
P+ (pu® + (P +Q),z=0 (1)
Ex+(Eu4(P+qu)r=0

The most prevalent form of the shock viscosity contains both linear and quadratic
terms in the velocity jump across the element. The coefficient a is the sound speed. and
eq and ¢y, are chosen to be large enough to damp the oscillations after the shock. Typical
values are 1.5 and 0.06 for cg and cy,, respectively. A consequence of using the viscosity
15 the shock is spread over three to six elements. For the quadratic form (no lincar term),
von Neumann and Richtmyer [1] were able to show that the numerical shock width is
independent of the shock strength. When the linear term is added, the viscosity has the
tendency to spread veak shocks more than strong shocks.

Q@ = max(cgp|Au|Du + craplu, 0) | (2)

For problems where shocks are significant features of the solution, such as problems
involving impact and penetration, the mesh must be fine enough so that the numerical
sh~.ck width is small in comparison to the other dimensions in the problem. The cost of




a calculation is therefore dependent on how well a shock wave is resolved. For theoretical
reasons, a shock must be at least two elements wide in a monotonic solution.

This paper presents a shock viscosity with near optimal shock resolution in two di-
mensions. It is based on the one-dimensional formulations developed by Christensen [2).
In a previous paper [3], a flux-limited shock viscosity was implemented. The form of the
viscosity is identical to Eq. (2), but the velocity jump across the element is approximated
using Eq. (3), where the derivative of the velocity with respect to z is a second order
approximation subject to the monotonicity constraints of van Leer [4]-

_ Az (Ouiyy | Ou,
Au“‘u:+l_ui+—2"(—'a—x—+—a-;) (3)

While this higher order accurate approximation results in a nearly optimal shock
width, there is single oscillation occurring after the shock. Christensen has recently refor-
inulated his work in terms of a Godunov scheme [5] on a staggered mesh. A total variation
diminishing (TVD) scheme is used to limit the velocity jump across the element, where r,
is the ratio of the velocity gradients in adjacent elements.

Du = (1= ¢(re,1iz1)) [tip1 — ;] (4)

This new formulation is tested with a variety of TVD limiters and compared to the previous
formulation. At the expense of a small amount of shock resolution, the single oscillation
in the previous formulation can be removed.
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CHARACTERISTICS OF JET FLAMES ISSUED FROM ELLIPTIC NOZZLES

S.R.Gollahalli
School of Aerospace and Mechanical Engineering
University of Oklahoma, Norman, OK 73019

‘The application of noncircular nozzles as a means of controlling mixing characteristics of gas jets
with ambient fluids has received considerable attention. Since combustion charicteristics of gas jet
flames are controlled by the mixiig characteristics of jet fluid and surrounding air, modifications of
the initial gcometry of the jet offer a convenient way of improving its combustion and pollutant
emission characteristics. Elliptic jets with a small aspect ratio (major axis/minor axis) have been
found to produce 8 to 10 times the entrainment of surrounding air by circular jets. Although the
flow structure and mixing characteristics of elliptic jets have been studied extensively, the available
information on the characteristics of elliptic nozzle flames is limited. This study was performed to
compare the combustion and pollutant emission chasacteristics of a turbulent propane jet issued
from an elliptic nozzle and a circular nozzle of equal exit area. In most of the studies the aspect ratio
of the elliptic nozzle was 3: 1 and the flames issued from both circular and elliptic nozzles were
kept in the burner-attached configuration. The liftoff and reattachment behavior, temperature
profiles, concentration profiles of fuel, oxygen, carbon dioxide, carbon monoxide, nitric oxide,
and soot, flame radiation, opacity of the flame samples, the profiles of the streamwise component
of the mean velocity and r.m.s. value of the velocity fluctuation in the streamwise direction were
measured. A limited series of experiments was also performed with the elliptic nozzles of aspect
ratios 2:1 and 4:1 to determine the influence of aspect ratio. Some measurements in the nonburning
jets issued from elliptic and circular nozzles are also included.

The experimental facility comprised of a vertical combustion chamber of square cross section (76
cm x 76 cm) and 117 cm high.The chamber was provided with an air-cooled pyrex glass window
(20 cm x 20 cm x 92 cm) on all the side walls. During gas sampling and probing temperature field,
onc of the glass windows was replaced with a slotted metal sheet through which the probes were
introduced. The burner assembly mounted to the floor of the chamber consisted of a contoured
nozzle section located concentrically inside a 162 mm i.d. steel pipe. For this study, a circular
nozzle tip of exit diameter 9.5 mm i.d. was used. The elliptic nozzle tips were made to have the
same exit area as that of the circular nozzle. The elliptic nozzle tips were made by milling the semi-
ellipse profiles in two separate pieces and bonding them together. The junction between the elliptic
and circular sections was flared to produce a smooth transition. The jet-fluid was supplied from
gas cylinders through pressure regulators and filters. Combustion air was supplied from an oil-
less rotary-vane compressor to the annulus between the outer pipe and the nozzle. Fuel jets were
ignited with a pilot Bunsen flame which was withdrawn during tests. Direct color photography
with 35 mm Kodacolor 100 ASA {ilm was used to determine the shape and dimensions of the
visible flame. A two-mirror (200 mm diameter) schlieren system with a xenon stroboscopic light

source of flash duration 1.5 us was used to visualize the flow structure in the near-nozzle region of
the flames. The temperature field was probed with a silica-coated platinum-platinum/13% rhodium
thermocouple (type R) with a bead diameter 0.25 mm. Gas samples were withdrawn from the
flames through a cooled stainless steel probe of tip diameter 1 mm and were treated to remove




particulates and moisture with a series of filters and ice-chilled moisture traps. They were analyzed
for the concentrations of CO, and CO with nondispersive infrared analyzers, of O, with a
polarographic analyzer, of NO with a chemiluminescent analyzer, and of C3Hg with a gas
chromatograph. The flow field in the vicinity of the flame base was probed witk a laser Doppler
velocimeter. Both nozzle and air-flow streams were seeded with magnesium oxide particles whose

average size was about 5 pm. In all runs 8000 validated samples with a sampling time less than 2s.
were acquired. Some experiments were repeated 3 to 5 times to establish repeatability.

In this study the technique of diluting jet fluid to study the flame liftoff and reattachment
characteristics was employed. In this procedure, the jet fluid (propane) was diluted (with nitrogen)
while keeping the nozzle exit velocity constant until the flame transitions occurred. The critical
values of the mole fraction of the fuel in the jet fluid x; at liftoff and blowout transitions were taken
as measures of the flame stability. Higher the dilution the jet flame could withstand before the
transitions, better the flame stability was considered to be in the absence of dilution. This method
has an advantage for the present study, because the nozzle exit velocity was maintained constant
and its influence on the factors associated with flow field was suppressed, the changes in flame
stability can be attributed to only the burner geometry which is the variable of primary interest.
With elliptic nozzle, the first transition termed laminar liftoff occurs at xp = 0.38, the second
transition termed turbulent liftoff occurs at xp = 0.33, as compared to the corresponding values of
xp equal to 0.32 and 0.27 in circular nozzle flames. This implies that elliptic nozzle flames require
more rcactive component in the jet fluid to avoid the transitions of bumer-attached flame to liftoff
and blowout conditions.

From the concentration profiles it is noticed that fuel persists longer in the circular nozzle flame
than in the elliptic nozzle flame. For instance, the value of x;, decreases to 0.2 at x/D=40 in the
circular nozzle flame, whereas the same value is reached at x/D=30 in the elliptic nozzle flame. The
rapid depletion of propane is caused by the greater dilution due to the higher entrainment in elliptic
nozzle flame. A comparison of temperature profiles reveals that in the near-nozzle region circular
nozzle flame has a higher peak temperature (1030 K) compared to elliptic nozzle flame (980 K).
But, in the midflame and far-nozzle regions, elliptic nozzle flame has higher peak values. Also, the
profiles in elliptic nozzle flame are much flatter. As diffusion controlled homogeneous reactions
are dominant in the near-nozzle region, the more rapid development of shear layer and higher
degree of mixing with air in eiliptic nozzle flame lead to a lower peak temperature. The following
are the highlights of the combustion product concentration profiles: (i) in the near-nozzle region,
oxygen concentration is zero on the axis and increases sharply outside the reaction zone in both the
flames; (ii) in the midflame region the rate of increase of oxygen concentration in the radial
directions is higher in the elliptic nozzle flame; (iii) in the far-nozzle region, there is no significant
difference in oxygen concentration profiles in circular and elliptic nozzle flames; (iv) carbon
monoxide concentration reaches highest peak values in the midflame region in both flames; (v) in
the necar nozzle region, both CO and CO; profiles have wider peaks in the clliptic nozzle flames;
{vi) in the far-nozzle region CO and CO, peak concentrations are higher in the elliptic nozzle flame;
(vii) in the ncar-nozzle region, the peak concentration of NO is lower in the elliptic nozzle flame. In
the midfiame region the peak value of NO concentration is higher in the elliptic nozzle flame, and in
the far-nozzle region, it is about same in both flames. The velocity profiles show, for the same
volume flow rate, a higher peak value of the streamwise velocity in the elliptic nozzle flame
compared to that in the circular nozzle flame, which indicates that the flow is squeezed in the
elliptical nozzle. The potential core in the circular nozzle flame extends to /D =10, whereas in the
elliptic nozzle flame it disappears before x/D=6. The turbulence measurements substantiate these
observations. Hence, elliptic nozzle configuration offers a convenient method of tailoring the
combustion characteristics of diffusion flames.




THREE-DIMENSIONAL EFFECTS IN A CURVED DUCT

Tony W.H.Sheu, Jaimey J.M.Hao
Institute of Naval Architecture, National Taiwan University,
73 Chou—Shan Rd., Taipei, Taiwan, R. O. C.

ABSTRACT

A NOSIMPLE-IN3 computer code is developed to study the wall effect in third

dimension of a 90° bend square duct. The contravariant velocities are used as dependent
variables rather than primitive velocities. The convection terms are discretized by QUICK
scheme for internal points and power—law scheme for boundary points. The resulting
algebraic equations are solved by semi~implicit SIMPLEC solution algorithm. The
computed differences between two— and three— dimensional results are displayed on the
symmetry plane.

INTRODUCTION

Most of dependent variables for momentum equations in a transformed set of
Navier—Stokes equations use Cartesian velocities. The solution quality is known to be
degraded as the angles between transformed coordinates and velocity vectors increase. The
present study, on the other hand, uses contravariant velocities to solve incompressible
viscous flow that SIMPLE—like [1] solution algorithm can be safely employed.

BASIC FORMULATION

The governing equations after being transformed to a non—orthogonal coordinate
system (&, 0, {) can be represented as follows:

Yed8) 1 5 o109) + (1 9) + SlorWe) = ragGh) + S(ragnld)
+ gz(mg”g?) + S? + S?

The definitions of above variables can be found in {2]. The dependent variables used
here for velocities are contravariant velocities U, V, W. The convective terms are
discretized by QUICK upwind scheme [3]. The resulting algebraic equations are solved by
a SIMPLEC solution algorithm [1].

NUMERICAL RESULTS

The developed NOSIMPLE-IN3 (Non—Orthogonal SIMPLE~INcompressible 3D)

code was used to predict the flowfield in 90° bend square duct. The investigated flow
condition and configration were the same as those described in [4]. The computed three
dimensional velocities at symmetric plane are compared with the corresponding two
dimensional results by NOSIMPLE code [5]. The resulting difference is illustrated in Fig.1
for demonstrating wall effect in third dimension.
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CONCLUSIONS

A contravariant—velocity—based finite volume code was developed. The present

study shows the effect of wall on computed solution.

[
[2]

[3]

4]
[5]
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TORSION TEST OF METALS IN THE FINITE DEFORMATION RANGE

H.C. Wuand Z.Y. Xu
Department of Civil and Environmental Engineering
The University of lowa, lowa City. IA 52242

and

P.T. Wang
Fabricating Technology Division
Alcoa Laboratories, Alcoa Center, PA 15069

Metal tubes and solid specimens have been tested in torsion up to a shear strain of 1.3. Long
cylindrical specimens have been used to mitigate the end effect due to gripping. A specially
designed axial-torsional extensometer has been used for this experiment. The effect of wall-
thickness on the stress-strain curve has been studied. The result: are compared with the
experimental results of the solid cylindrical specimens of the ‘an = material.

Pure torsion and simple torsion tests have also been conducted to investigate the axial effect.

Special attention has been given to the measurement of axial elongatic 1 or contraction during the
pure torsion test and the measurement of axial stress during simple torsion test.




RECENT EXPERIMENTS WITH THE TORSIONAL
SPLIT HOPKINSON BAR TECHNIQUE

Amos Gilat
The Ohio State University
Department of Engineering Mechanics
Columbus, Ohio 43210

The split Hopkinson bar technique is widely used for testing materials under
dynamic loading. The technique was introduced by Kolsky in 1949 for testing in
compression but has since been modified for tensile and torsional loadings. The
presentation describes two recent research projects conducted using the
technique.

In the first project the torsional split Hopkinson bar technique is used for
testing ceramics. The technique is commonly used for testing ductile materials
and its application to very brittle materials is examined carefully. Tests have been
conducted with specimens made of aluminum oxide and titanium diboride. Most
of the tests were done with spool-shaped specimens which is the standard
geometry used for testing ductile materials. In addition, a method was developed
for testing small prism-shaped specimens. This was done in an effort to develop a
screening test for newly developed materials in which specimens are machined
from thin plates. The experiments have been modeled with three dimensional
elastic finite element analysis. Since the materials are very brittle, correlation
can be made between the initial elastic response measured in the tests and the
calculated response. The results provide a strong indication of strain rate
sensitivity. The stresses in the specimens when initial fracture occurs appear to
be higher than the stresses reported from tests at quasi-static rates.

In the second project the torsional split Hopkinson bar is modified for testing at
elevated temperatures by heating the specimen to the testing temperature and
keeping the rest of the system at room temperature. This was done by developing
a rapid heating technique and a new connection between the specimen and the
bars that allows transmission of the torsional waves and minimizes heat
conduction to the bars. Results will be presented from tests with Haynes-188 at a

temperature of 1000°C and a strain rate of 1150 sec’!
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MEASUREMENT OF ‘PACTILE STRESS DISTRIBUTION BY IMAGE PROCESSING

sushi Niftsu
Dept. of Mechanical .agineering, Tokyo Denki University,
Kanda-nishikicyo 2-2, Chiyodaku, 101 Tokyo JAPAN

Kensuke Ichinose
Dept.. of Mechanical Engineering, Tokyo Denki University,
Kanda-nishikicyo 2-2, Chiyodaku, 101 Tokyo JAPAN

ABSTRACT

The image processing system which can measure and analyze the contacting
pressure distribution is developed. The pressure distribution loaded on the
special elastic sheet is measured by using a pressurc-optical conversion
technique. A new image processing procedure [1,2] is applied to an optical
image. The measuring scope is 320x300mm? square, and 64560 points of force in
this area are obtained. The Spatial resolution is 5x5sm“ square. _The measur-
ing range of force is from 5gf to 1,200gf on each un:t (5x5|l2). and the
resolution power of force ts S5gf/unit. Total processing procedure of each one
frame takes within 0.2 sccond by personal computer.

MEASURING METUHOD

The developed measuring system is constructed with a transparent glass plate,
a special elastic sheet (FUJI Film Co.), two light sources made by 180 ultra
bright LED devices, CCD camera, video frame memory, and computer as shown in
Fig.t. An elastic sheet has many small conical shapes (5x5mm©) arranged at
regular interval on one side. This sheet Is put on the glass plate and force
is applied on the elastic sheet. Two light sources are located at the side of
the glass plate. A ray of light is Incident into the glass plate from two
facing each other side. The ultra bright LED devices arc used as a light
source, because its red ray having a long wavelength can pass through a glass
with high transmissivity and is not reflected at small particles in or on a
glass plate which dimension are less than the wavelength. An ultra bright LED
device emits steady and non-fricking light and the intensity of light can be
controtled casily by applying voltage. The CCD cawera is placed under the
glass plate and gets Lhe image of Lhe contacting surface between the glass
plate and the clastic sheet. The analog image signal through the low path
filter is digitized by the high speed A/D converter and the digital image data
of 8 bits are stored into 256Kbytes (512x482bytes) frame memory. The image
data Is calculated and the pressure distribution is obtained.

This measurement. uses a pressure-optical conversion technique. Figure 2
shows the principle of this technique. A ray from the side is completely
reficeted in the glass plate. If the elastic sheet does not attach the glass
plate, its ray does notl reach the CCD camera. But if the clastic sheel at-
taches the glass plate, a condition of the complete reflection is broken in

10




the contacting arca and Lhls arca cmit& a light.

Fach clastic cone occupies 5x5mm® and corresponds 8x8 plxels of image
data. The total scope of mcasurcment is 320x300mm<. Measuring processes by the
computer are as follows; (1): Digitizing Image signal; (2): Calculation of
light Intensity of cach cone (Summation of partial image data of 8x8 pixels)
{(3): Multiple location welight function on the distribution of 1ight Intensity.
(4): Conversion of light intensity into pressure with the calibration curve.
Figures 3 show the samples of measurements. It takes less than 0.2 second
(180286-16MHz) to get one pressure distribution.
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YIELD AND FLOW BEHAVIOR OF INITIALLY ANISOTROPIC
ALUMINUM TUBE UNDER MULTIAXTAL STRESSES

Takenobu Takeda
(Faculty of Enginecring, Yamagata Universily,
A-3-16 Jonan, Yonczawa 992, Japan)

[NTRODUCT ION

Yield functions allowing for initial anisotropy have been proposed by sever-
al investigators '’'., lowever, Lhe present author?’ proposed an arisotropic
yield function expressed by means of combining Drucker’s yield function
with Hill’s quadratic yield function. This yicld function is able to in-
clude Lhe effects of the third sltress invariant and initial anisotropy,i.c.,
F=Js?% (Jy +Aigaa6is’ ak’ ) —CJa ? ’
wvhere J » and J 3 are the second and third stress invariants ,Aijk1 is the
anisotropy parameler and C is a parameter allowing for the cffect of J 3 o
In Lhis investigation, experiments arc carried out on 1050 aluminum tubes
with initial anisotropy under combined loadings. Yield and flow behavior are
determined, and Lhe applicability of Eq.(1) is examined.

EXPER IMENTAL PROCEDURE

Specimens were 1050 aluminum tubes of 40 mm outer dia., 2 mm wall thickness
and 110 mm length. The Lubes in the as-rececived condition had been subject-
cd Lo progressive reductions by hot extruding and cold drawing processes.
They were fully anncaled by heating at 550°C for 1 hr in our laboratory.

Specimens were deformed along Lhree different loading paths , maintaining
the stress ralios 0x ¢ 0y & Txy=const., 0y / 0x =const. and vV 7t xy/
g, =const,, where 6. , o0, and 7.y are axial, hoop and shear stresses
respectively.

RESULTS AND DISCUSSION

When subjecling a specimen Lo loading with a constant stress ratioox @ oy

t taxy= 1 2 tan ? 0:tan0, only the major principal stress o, acts on the
plane inclined at angle 0 Lo the specimen axis. Figure 1 shows the relation
bet.ween the flow stress ratio and angle €. Here, o is the flow stress in
uniaxial tension, cxpressed by Ludwik’s cquation o¢ = a4 + k¢, " ,where
0. =9.26 MPa, k=501.3 MPa and n=0.68, As angle 0 increases,the ratioo /

0 riscs Lo a maximum value and then decreases gradually. Figure 2 shows
the variation of the principal strain increment direction 0’ with the prin-
cipal stress direction 0. The value of € was obtained by Lhe least
squares method, assuming the plastic strain path to be straight. The angle
0’ - 0increases in a negative direction with angle ® and changes sinusoid-
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ally. Figures 3 and 4 show the yield surfaces in the 0. - 0y and o0, -
M3t xy planes. As the equi-strain surfaces described by the proof stresses
al. various offsel sirains have similar forms, dimensionless coordinate sys-
tems were adopted. The arrows indicate the directions of the plastic strain
increment vectors. In Fig. 3, the broken curve was described in order to
separate the effect of J 3 from the presence of initial anisotropy.
Th~ C value was obtained by substituting the dimensionless stress value on
the loading pathoy / 0 x = 1/2 into Drucker’s yielu function. In Fig. 4,
the yield surface becomes inflated in the direction of the torsion axis.

The curves described by heavy lines in Figs. 1 ,3 and 4 are the results
calculated from Eq.(1). The solid curve in Fig. 2 was calculated using the
associated normality flow rule. The parameter values are given in Table I.

CONCLUSIONS

Multiaxial stress tests were carried out on fully annealed 1050 aluminum
tubes with initial anisotropy. The yield surfaces could be cxpressed pre-
cisely by the proposed yield function. In addition, it was verified that
this yield function played the role of plastic potential in defining the

direction of the plastic increment vector. —14 —
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EXPERIMENTAL STUDY OF RHA PLATE PERFORATION BY A
SHAPED-CHARGE JET; HOLE SIZE AND MASS LOSS

Martin N. Raftenberg
U. S. Army Ballistic Research Laboratory
Aberdeen Proving Ground, MD 21005

A shaped-charge warhead with a conical, OFHC copper liner was fired into a
plate of rolled homogeneous armor (RHA), a quenched and tempered, medium
carbon, martensitic steel. The charge produced a stretching jet with a tip speed of
7.7 mm/us. Two parameters were varied, namely the standoff, or separation
between cone base and plate, and the target plate thickness. Standoffs of 264 and
1059 mm and plate thicknesses of 12.7, 25.4, and 50.8 mm were considered.

Flash radiographs reveal that at the short standoff, the jet was still intact prior
to impact and throughout the perforation process. At long standoff, the jet had
broken up into particles prior to impact. Radiographs were also used to observe the
time course of fragmentation and hole formation in the plate.

The final hole radius, which ranged from 10.7 to 17.4 mm, was found to
decrease with increasing plate thickness and to increase with increasing standoff. A
"spall ring" and "ejecta ring" were identified as the regions on the exit side and
entrance side, respectively, from which material had been removed from the plate.
The spall ring radius ranged from 22.0 to 42.5 mm. It was found to increase with
increasing plate thickness, but no systematic dependence on standoff was observed.
The ejecta ring radius ranged from 19.3 to 23.3 mm. Here no systematic
dependence on plate thickness or standoff was detected.

The total mass lost by the plate was found to increase with increasing plate
thickness and exhibited little dependence on standoff. The data were fitted by
empirical expressions in the form of hole radius as a function of plate thickness and
standoff, and spall ring radius and mass lost as functions of plate thickness only.
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ON THE THEORIES OF LAMINATED COMPOSITE CURVED BEAMS

Mohamad S. Qatu
Dresser Industries
274 East First Avenue
Columbus Ohio 43201

Laminated composite materials are used as structural components in
various applications (aerospace, automotive, marine, ...). While these
structural components can be beams, plates or shells, often encountered
among these applications are beams. Beams can be straight or curved.
Curved beams or often described as arches when they are open and as rings
when they are closed. Open curved beams can have deep or shallow
curvature., Two survey studies [1,2] exist on the vibration analysic of
curved beams which list more than 200 references on the subject. Almost
all the references dealt with isotropic beams. Only eight of these
references dealt with composite sandwich beams of three-layers. The
analysis of generally laminated curved beams is virtually non-existent.

This paper is concerned with the development of the fundamental
equations for laminated composite beams of shallow and deep curvature and
present some results for simple support boundaries. Only thin beams will
he addressed and the effects of shear deformation and rotary inertia are
neglected.

1, BEAMS OF SHALLOW CURVATURE

The strain displacement relations for such beams are (Ref. 3]
2

o auo w0 aw
Crm R T T (1)
Jx
The equations of motion are:
- 2
L11 L12 Yo . » 0 a Y _ Py
L, L W 0 7 | att |w + (2)
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2 4 B 2 A
where L11 = A11 Q—E , L22 Dll Q—Z -2 Al e + 1
ox ax R 4ax R
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and L=l m s By 3 Y R ax )
where R is the radius of curvature and All’ Blland Dllare defined in (3]}.

2. DEEP BEAMS

The strain displacement relations for deep beams (Ref. 4)

¢} auO wO 3 2w0 1 g uO
¢ =g tR o o= - ;;5— AR 3w (4)
The operators in the equations of motion (2) for deep beams become:
L= A QEE * 3_211 sz ¥ E%l sz' Ly = Dy éﬁZ Lo QEE * ﬁ%l
ax ax R ax X R 3x R
and Ly =Ly~ - By Qi? * gll = E%l e, éia (3)
ax R ax R 38x

3. EXACT SOLUTIONS

For simple support boundary conditions (i.e. w =N =M = 0 on x= 0, a),
there exist an exact solution for the free vibration problem (P‘- Pz = (),

which is u = Amsin(ax) sin (wt), and w = Cmcos(ax) sin (wt); a = mn /a

(6)

Substituting this into the equations (2), (3) and (5) yields a 2x2 matrix.

The matrix determinant should be set to zero for the free vibration
 J

problem to obtain the frequency parameter Q= w a / 12p/E h? . The

following table compares the results obtained using the above theories.

It shows that for a curvature ratio of 1, the difference may exceed 10%.

Frequency parameters for simply supported [0,90] laminated beams, a/h=100.

a Deep beam results Shallow beam results

R _me 1 2 3 4 1 2 3 4

0 9.870 39.48 88.83 157.9 9.876C 39.48 88.83 157.9
0.2 9.810 39.43 88.83 157.9 9.849 39.46 88.81 157.9
0.5 9.499 39.12 88.52 157.8 9.749 39.35 88.70 157.8
0.8 8.947 38.54 87.94 157.4 9.568 39.16 88.51 157.6
1.0 8.451 38.01__ 87.40 156.6 9.402 38.99 88.33 157.4
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BENDING ANALYSIS OF CANTILEVERED COMPOSITE SHALLOW SHELLS USING
FINITE ELEMENT AND R1TZ METIIODS

Mohamad S. Qatu Ali Al-Gothani
Dresser Industries Ventura Engineering
274 East First Avenue 7610 Olentangy River RD
Columbus Ohio 43201 Columbus Ohio 43235

Shallow shell problems have exact solutions for only a very restricted
set of bouniary conditions and lamination sequences. Numerical methods
such as the Ritz and Finite Element Methods (FEM) are particularly useful
for the remaining types of problems.

The present work uses strain and kinetic energy functionals as well as
load potentials developed earlier (1) for laminated shallow shells having
arbitrary radii of curvature. These are used with the Ritz method and FEM
to solve for deflections and stresses within statically loaded shallow
shells. A cantilevered shallow shell of rectangular planform, as shown in
the figure below, will be considered in the analysis. The Ritz method
require the satisfaction of only the geometric boundary conditions (zero
displacements and slopes at x=0 for cantilever boundary conditions). This
is achieved by choosing the displacement components as

1 J 1 K L 1 M M 0
ug,m =2 Tag Lt vl = I Py and w(f,n) =2 Ty, 0
i=1 j=0 k=1 1=0 m=2 n~0

where the aij’ ﬁkland Vun 8T coefficients to be determined.

v=y/b
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Utilizing the assumed displacement functions in the energy
functionals, and carrying out the necessary minimization, yields
simultaneous linear algebraic equations to be solved for the static
loading problems (2).

Shallow shell elements have also been used to find the displacements
and stresses at particular points ¢f the shell under gravity loading.
Four- and eight-noded lagrangian rectangular elements were used in the
analysis (3). The following table shows nondimensional deflections at two
points of the outer free edge of the shell as well as nondimensional
stress resultants at the middle of the clamped edge. The Nondimensional
parameters are the same as that used in Ref. (2).

As can be seen from the table, convergence of the displacements is
sufficiently good in both the Ritz method and FEM. Convergence for stress
resultants is not as good as that for the displacement. This is because
stress resultant calculations involve derivatives of the displacement. It
seems that force and moment resultants predicted by FEM are less than
those predicted by the Ritz method except for Ny when eight-noded elements
are used. The table also shows that considerably less Degrees Of Freedom
(DOF) are needed for the Ritz method than those needed for FEM to get
comparable accuracy. Further results will be given in later publications.

Comparison of Deflection and Stress Resultants Obtained by Different
Methods For a {0,90,0] Cylindrical Shallow Shell Under Gravity Load
E\/E; = 15.40, G,,/E,= 0.79, v,,~ 0.3, a/b -~ 1, a/h = 100, a/Ry=0.5

FEM Models: I 100 Four-Noded Elements, II 400 Four-Noded Elements
IIT 36 Eight-Noded Elements, VI 100 Eight-Noded Elements

£=1,n=0 E=1,n=~0.5 E=0,n=0
Medel DOF o & & & voo-w fx Ry BNxy Hx My fixy
The Ritz Method (Ref. 2)
108 0.001 0 0.050 -0.004 0.039 0.327 9.9 0.3 0 7.4 0.2 O
147 0.001 0 0.047 -0.004 0.039 0.328 15.8 0.4 O 7.5 0.2 0
192 0,001 0 0.045 -0.006 0.039 0,328 15.7 0.4 0 7.4 0.2 O
The Finite Element Method
1 605 0.001 O 0.036 -0.004 0.044 0.321 11.4 0.3 0 4.2 0.1 ©
IT 2205 0.001 O 0.038 -0.004 0.044 0.321 12.0 0.4 O 5.3 0.1 0
ITI1 665 0.001L O 0.035 -0.004 0.048 0.343 12.4 1.1 O 5.7 0.1 0
IV 1705 0.001 0 0.038 -0.006 0.045 0.328 12.4 1.2 O 6.3 0.1 0
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A SYMBOLIC-NUMERICAL £TUDY OF THE NONLINEAR
VIBRATION OF LAMINATED SHELL PANELS

Raouf A. Raouf
Mechanical Engineering Department
United States Naval Academy
Annapolis, MI) 21402
Anthony N. Palazotto
Department of Aeronautics and Astronautics
Air Force Institute of Technology
Wright-Patterson Air Force Base, OH 45433

In {1}, the authors develop a nonlinear theory for the dynamic response of arbitrar-
ily laminated anisotropic shell panels. The theory allows for slight compression across
the thickness of the panel and accounts for tangential and rotary inertia. The equa-
tions of motion are asymptotically consistent with the stated kinematic asumptions. To
climinate algebraic erors, the theory is developed completely within the symbolic ma
nipulators MACSYMA 2] and Mathematica [3]. Morcover, these manipulators produs e
error frec computer codes to be used in the numerical verification of the results. Qualita-
tive analysis shows that such a panel can experience a variety of complicated dynamical
phenomena when subjected to a near-resonant harmonic excitation. These phenomena
include jumps and various bifurcations.

In this paper, the above theory is used to perform a single-mode. multi-harmonic
analysis of a laminated panel. The Rayleigh-Ritz technique is used to reduce the nonlin-
ear dynamic partial differential equations of the panel to an ordinary differential equation

of the form
21

m—dl—z- +w3un+a1u,2,+aguﬁ=0 (n
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where 1 s time and u, is the amplitude of the n'* spatial mode. Next. the method of
harmonic balance is used for the temporal analysis. Thus, wu, is expanded as

nh
U, = Z ay cos kwl + by sin kwt (2)
k=0
T'he above expansion is sabstituted into equation (1) and the coefficients of various
harmonics are equated. This tesults in a set of nonlinear algebraic equations to be solved
for the amplitudes of the harmonies and the nonlinear natural frequency w .

An apparent disadvantage of the above procedure is the algebraic complexity that
increases as the number of harmonics increases, thus limiting the ability to produce more
accurate results. A pute symbolic analysis is too slow and a pure numerical analysis must
be prececded by cumbersome algebra. A combination of the two, however, provides the
best approach. ‘The symbolic manipulator is used to perform the algebraic analysis
symbolically and eventually produce a computer code that numerically assembles and
solves the resuiting nonlinear cquations for the amplitudes of the harmonics and the
noulinear natural frequency. Unlike previous approaches, this numerical code is generic.
it takes the number of harmonics {nh) as an input. The symbolic manipulator is run
only once to produce the code, the rest of the analysis is numerical. This approach
proved 1o be very efficient in investigating the nonlinear dynamic characteristics of a
linninated shell panel.
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LARGE STRAIN PREDICTIONS FOR CYLINDRICAL
MEMBRANES USING A STRESS FUNCTION

Saeed Foroudastan! and John Peddieson, Jr.2
lpextron Aerostructures, Nashville, Tennessee 37202
2pepartment of Mechanical Engineering, Tennessee Technological
University, Cookeville, Tennessee 38505

Large deformation membrane problems exhibit many features
(boundary layers and nonunique load/deflection characteristics, for
example) of nonlinear structural response and are pertinent to
applications involving inflatable structures, cable nets, and
superplastic forming. Of the exact governing equations for
membranes, those associated with axisymmetric static deformations
of a circular cylinder are among the least complicated. As such,
they deserve detailed study. One way to write these equations is

as follows.
z

T, = ($2 + (aV)2)2/2/a, Ty =y’ +ap, V=V(-L) - Lq(z)dz (1)

e, =e,(T,, Tg), eg=eg(T,,Tg), ef ~3ep/dT ,, eh = dey/aT, (2)

Zz
u=-aep, w=w(-L)-(L+z) + | ((11e,(2))?%+ (aey(2))?)1/2az (3)
{

Yo s (eg (VP! +aluVr) - (1re,)¥) [ (ae) (¥2+ (av)2)1/2) - capr  (4)

In (1-4) z is the axial coordinate (with origin at the membrane’s
center), ¢ 1is a stress function, T, and T, are axial and
circumfrential Lagrangian stress resultants respectively, V is the
axial component of T,, p and q are radial and axial loads per unit
of undeformed area respectively, u and w are radial and axial
displacements respectively, e, and e, are axial and circumfrential
linear extensions respectively, 2 1s a dummy variable, a prime
denotes differentiation, a is the membrane’s radius, and L is its
half length.

In the present work (1-4) are used as follows. The pressures
p(z) and g(z), the stress resultant V(-L), and the displacement

41




w(-L) are regarded as known. Equation (ic) then determines V(z).
The quantities appearing in (2) can be put in terans of ¢ with the
aid of (la,b). Then u and w can be expressed in :cerms of y using
(3) and (4) becomes a second order ordinary difierential equation
to solve for Y(z). Boundary conditions on cne of each of the pairs
T,(-L), u(-L), and T,(L), u(L) are specified and converted to
boundary conditions on y(-L) and ¢y(L) using (la) and (3z). Once
the boundary value problem is solved for (z), the stress
resultants, strains, and displacements can be found from (la,b),
(2a,b), and (3) respectively. The advantage of this formulation is
that only one nonlinear differential equation must be solved
iteratively.

The governing equation (4) holds for any constitutive
equations of the form (2a,b). When the plane stress Yorm of
Hooke’s law e, = (T, - ¥Ty)/(Eh), ey = (Ty - +T,)/(Eh) is used
(E being Young’s modulus, v Poisson’s ratio, and h the membrane’s
thickness) it reduces to

¥’ ’ -y/a?+ ((vap-Eh)y-ra2vv’) [ (a(y? + (aV)2)1/2) = —apr  (5)

Equation (5) was solved for a variety of loadings by an iterative
finite difference method. Some typical computed results are shown
in Figures 1 and 2 for p=constant, g=0, u(iL)=0, w(ifL)=0. (In this
case the value of V(-L) required to make w(L)=0 must be determined
by trial and error.) It can be seen that the numerical approach is
capable of yielding solutions for values of the loading parameter
pa/(Eh) much larger than those which would produce failure in most
real materials.

LE]

L/s=0.3 L/a=0.%

- ~i/3 pe/{Eh) =330 173

30

3

pa/{mh)=000 pa/(Eh)=620

pe/(Dn)~e713

23
Q0

ps/{Th)=¢30

h}=673
pas(Eh) =330 \Ghli

uls
b
x 10

‘.}0

-.I.o

pa/{Ih)=g00

0s

00

o
-

L3 T L] L] L] L) LA LIS . L L] ¥ ¥ L3 L) ¥ L] ¥
6NI N0 002 VO3 004 005 006 0N 008 007 0 000001 002 0803 004 COS 00C GOF 008 007 OX
z/a z/a

Figute 1. Rad{al Displacesent for Fised ¥nds Pigure 2. Axisl Displacement Cor Pired Und-.



in Analysis on Dynamic Elastic and Plastic
Stubility of Shallow Spherical Sh:lls With
U T Ends Cramped Uhder T Step Loading T
Abstract

Liu Pu (Dept. of Naval Architecture &
Ocean Engineering, shanghai Jiao Tong
University, 200030, P,R.China)

1.Introduction

Dynamic instability of strctures beering dynemic loed is
a less well understood phenomenon than the static one,The
influence of ple&stic yielding furtherly comptic.tes the pro-
blem.Meny previous researchers trected. the problem by rigid-
plesticity method in which only pl.stic deformetion is con-
sider«d.In this peper,by an spproximute mouel for thz dyna-
mic pl:=stic yielding process of shsllow spherical shells,a
simplific. method is proposed to anzlyse tlie lynimic eles-
tic end plastic instebility problew.

-~

2.Basic eguztions

1

For shallow spherical shells under step load shown in Fig,1
motion equations could be derived as follows:

u”su’ /x-u /g (w) =(1-¥)dq? /(En’)
TW-12(€4vE€g (W12 (€vE) (W' [x417)
=i ftp -m¥a* (qf +q§) / (Ent ) +fm* i

where u,w,etc.possess meanings generally eppointed.qt,gland
qf are effective plastic loads caused by plestic deformution,

3.the plastic yielding model of the shell *

under well-distributed external load,the plastic yielding
of the shell first occur at point A or B in Fig.2.Then ples-
tic deformation develope along both meridional and normal di-

rection,The influence of plastic deformetion maéy be expressed
through effective plastic loads,as shown in Fig. Z.

8 qﬂ. .,]!f'




Through Miees yieluing criterion, the boundary of plestic area

could be obtained.
2 2 /L — e =

where P,,P,,P; are quantities concerned with strains in mid-
dle surface.The two plastic area could be expanded as,
O xLxt,
2P-2® A A eneee
xP< x ¢ 1% *
2P-28 -2 (1-X) 43211 -X)* 4oveeee
Through integral in the plastic area,effective plastic load
could be obtained.If taking deflection as w=aof(x),where a,
is motion amplitude,f(x) is deflection function satisfying
boundary conditions,then by Galerkin technique,motion equa-
tions may be derived as follows,
1).Elastic deformation
Y(ag)=8o4bye+ bsal+bsal+byp=0
2),Plastic yielding has occured at x=0
\P(ac)"’ @op(ao)=o
Pl.Plastic yielding has also occureé¢ at x=1
,P\}'(ao)+ 4>°’(ao)+ 4,!9(30)__.0
, $* are quantities concerned with plastic deformation.
Calculations have been made for shells made of bi-linear ma-
terials.The results are in accordance with those in ref. (2).
4,Conclusions
Two-zrea plastic yielding model is proposed to analyse the
dynamic elastic-plastic instability of shallow spherical
shells,The results show that it is feasible to use approxi-~
mate model to describe the complicated development of plas-
tic area.This is of great significance in researching the
dynamic elastic plastic instability of more complicated
structures,
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Damage -:echanisms under Impact by Interlaminar Sensors

* %k
David Hui  and Piyush K. Dutta

The work deals with the formulation of the damage mechanisms
of graphite-epoxy composite and aluminum plates under impact via
Hopkinson Bar impact tests. The various mcdes of failure such as
matrix cracking, delamination and fiber breakage under perforation
impact are examined. Further, an examination of energy absorption
and the wave mechanics pehavior of composite plates are presented.
The research involves an innovative sensing system utilizing
thin films of pressure sensitive (piezopolymer) material in lamina
boundaries of a composite panel. The study consitutes a fundamental
understanding of the energy absorption and failure modes.

In particular, the sensors in interlaminate locations are employed
to study the wave propagation through the thickness and in the planar
directions of the interior of the panels. The leading edge of these
waves are sensed by the sensor film at every laminate layer. The
compressive wave reflects back from the free surface as a tensile wave.
During the propagation of the reflected tensile wave, the sensor signals
indicats whether the interlaminar debonding (delamination)
occurs. A high speed data acquisition system is used to monitor the
wave propagation and the signals are recorded in the first few
micro-seconds after impact. The stress versus time signals are recorded
and are used to determine the energy absorption in each layer.

The theoretical model of wave propagation agrees with the experimental
results,

* University of New Orleans, Dept. of Mechanical Engineerirg,
New Orleans, LA 70148

** US Army Cold Regions Research and Engineering Laboratory,
Hanover, New Hampshire 03755

presented at Society of Engineering Science , SES 1991 meeting
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SPLINE-BASED METHODS OF PARAMETER ESTIMATION FOR ELASTIC BEAMS
WITH VARIABLE FLEXURAL RIGIDITY

Shive K. Chaturvedi
Wei Ho
Department of Civil Engineering
The Ohio State University
Columbus, Ohio 43210

ABSTRACT

During the past two decades several types of parameter estimation or also
known as inverse problems in solid and structural mechanics area have been
tackled by a number of researchers [1-7}. The kind of problems iooked at include
structural integrity of offshore oil and gas platforms, damage assessment of large
space structures and vibrating plates and beams. The inverse problems have
become even more important with the advent of fiber reinforced composite
materials and structures in various material utilizatior. sectors. Presence of various
flaws and damage modes and their subsequent growth in a composite structural
element cannot be ruled out, and the gross effects of these damage modes can be a
spatially varying reduction in stiffness and strength properties.

The present paper is aimed at addressing the estimation of stiffness variation
along the length of a simply supported Euler-Bernoulli beam. Practically such a
problem may include a damaged short-fiber reinforced composite beam. Banks and
Crowley method [7] will be extended to address a number of unanswered questions
related to implementation, limitations, numerical accuracies, convergence rates and
other aspects of spline-based techniques.

For an undamaged simply supported beam with a constant mass density and
constant moment of inertia but variable stiffness E(x), the normalized equation of
motion can be given as (8]

u, +D*(a(x)D*u)=f(t,x) , 0Sx<1, t>0
where a(x) =IE(x)/p
The boundary conditions and initial conditions can be given as
u(t,0) = u(t,D) =u,(t,0)=u_(t1)=0

u(0,x) = ¢(x)
u,(0,x) = ¢(x)
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The problem is to find the variation of a(x) for the known solution u(x,t).
One of the results for variation of stiffness E along the beam is compared with the
estimated one (through inverse solution approach) as shown below.
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ON APPROXIMATE CLOSED-FORM SOLUTIONS
FOR BUCKLING OF ANISOTROPIC RECTANGULAR PLATES

Robert Reiss and Oscar Barton
Department of Mechanical Engineering
Howard University
Washington, D.C. 20059

The classical biaxial buckling eigenvalue equation for anisotropic
rectangular plates is

DH w'xxxx + D16 w'xxxy + 2(D12 + 2066) w'xxyy + Dze w’xyyy +

Dyg Wippyy = “A(W, ) + B W, ) (1)

where A is the applied axiai load P,, B .is the given ratio of
applied axial loads Py@’, W is the buckled mode shape, and sub-

scripts follow1ng the comma denote differentiation with respect to
the argument indicated. Further, the constants D;; are the usual
flexural stiffness properties of the plate. Equatlon (1) is valid
for arbitrary homogeneous anisotropic plates as well as laminated
plates whose orthotropic plies are materially and geometrically
symmetric about the laminate's middle plane. The mathematical

description of this problem is completed by appending appropriate
boundary conditions to Eq. (1).

With the exception of orthotropic laminates (D,,=D,,=0) with pinned
boundary conditions, closed form solutions are not available. 1In
this study, approximate closed form solutions will be sought.

Equation (1) may be discretized, using finite-elements, finite
differences or the Raleigh-Ritz approach, to obtain

(K] (o;} = A[M){e) (2)

where A, is the eigenvalue corresponding to the eigenvector (a,},
and [K] 'and [(M] are, respectively, the symmetric positive deflnlte
stiffness and mass matrices. Recently, an approximate solution to
Eq. (2) has been developed [1]
Ay = Xy Mﬂz g M Koy - Ky M) ?

(3)
My nfi Mg Kpp = My, Ky

Equation (3) is exact to within cubic terms involving the off-diag-
onal elements M, K;; (i#j).
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If the Ritz method of discretization is employed, the right hand
side of Eq. (3) is explicitly known in terms of the flexural stiff-
nesses D;;. As long as the coupling terms D,, and D, are not too
large when compared to the largest of the other stiffness coeffi-
cients, Eq. (3) will determine the buckling eigenvalues quite
accurately. Such is the case for symmetric angle-ply laminates
even when the orthotropic stiffness ratios E;/E, is very large.

Another approximate approach for solving Eq. (2) can be developed
if each stiffness D;. are known functions of a single parameter.
An orthotropic plate whose material axes are oriented at an angle
8 to the plate axes is such an example. In this case each D;; is
a specified function of 8. For pinned plates, Eq. (3) is exact to
within terms of order 6° and (%-8)3. Therefore, Eq. (3) may be used
to compute A,, dA.,/d® and d?A./d6% at 6=0 and m/2. Since A,(6) must
be an even function of 6 and has periodicity m, it may be approx-
imately represented by

A (0) = % a; + a, cos 20 + a, cos 40 + a; cos 60 (4)
where the coefficients of the Fourier series are uniquely deter-
mined by A, and d%i.,/d6? evaluated at 0 and m/2. Equation (4)
provides a useful approximation even when D,, and/or D,, is large
compared to the other stiffnesses.

Numerical examples will illustrate both methods.
References
(1] R. Reiss and B. Qian, "Eigenvalues of Self-Adjoint Systems

Determined by Eigensensitivity Analysis", Proc. PACAM II, Val-
paraiso, Chile, Jan. 1991, pp. 563-566.
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Optical Measurement of Deformation Fields
Near Propagating Bimaterial Interface Cracks'

Hareesh V. Tippur? and Ares J. Rosakis®

Abstract

A recently developed real time, full field, grating shearing interferometry - Coherent
Gradient Sensing (CGS) [1,2] is used to map deformation fields near quasi-statically and
dynamically growing interfacial cracks in bimaterial composite specimens. The bima-
terial specimens are made by bonding equal thickness PMMA and Aluminum sheets.
The specimens are subject to three point bending. An initial starter notch, cut along
the interface, facilitates crack initiation and subsequent growth along the interface. A
displacement controlled loading device is used to achieve quasi-static crack growth while
dynamic crack growth is accomplished by impact loading the bimaterial specimen in a
drop weight tower. In both the sitnations, the interference fringes representing crack
tip deformation [8(cq; + 032)/0;] is recorded in the PMMA half of the specimen using
transmission CGS. High speed photography with framing rates of approximately 150,000
frames/sec is used to record interference patterns during dynamic crack growth. Typ-
ical fringe patterns seen near a dynamically propagating crack are shown in Figure 1.
Very high crack speeds, nearly 80% of the Rayleigh wave speed for PMMA, are observed
during dynamic crack growth.

The quasti-static results are analyzed using the crack tip deformation fields proposed
by Rice et.al., [3] and are compared with the finite element computations performed by
Shih and O’Dowd [4]. An over deterministic least square curve fitting of the experimental
data is used to measure crack tip complex stress intensity factor K and crack tip mode
mixity. Good agreement between experimental measurements and computations are
observed regarding energy release rate.

In the dynamic experiments, different wave speeds in the two halves of the specimen
clearly seem to affect the crack tip deformation fields both prior to and after crack ini-
tiation. Estimates of complex K and mode mixity are also obtained from the dynamic
fringe patterns.

References
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CHARACTERIZATION OF MATERIAL PROPERTIES
AT HIGH STRAIN-RATES USING THE TAYLOR IMPACT TEST

by
S.E. Jones
The University of Alabama
Peter P. Gillis

University of Kentucky

and
J.C. Foster, Jr., J.W. House, and L. L. Wilson
AFATL, Eglin AFB, FL

The Taylor impact test has been used for a
number of years to provide estimates for the
dynamic yield stress of ductile, isotropic
materials. 1Initially, these estimates were
accomplished from post-test measurements by means
of one-dimensional mathematical theory (11].
Through the years this theory has been improved
and revised to include a number of material
properties. There are too many contributions to
specifically mention here.

The direction that most contemporary thinking
has taken is to employ a large scale computer
analysis to include as many effects as possible
[2). There are obvious advantages to this.
However, the one-dimensional models still offer
researchers the ability to study the dominant
features of the impact event. It is this
direction that the authors have chosen.

In 1987, the authors [3)] offered an
alternative to the classical Taylor equation of
motion for the undeformed section of the specimen.
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The new equation included a relative velocity term
which accounted for the mass loss across the
rigid-plastic interface. Later, this equation was
used as the basis for a theory which separated the
analysis into two fairly distinct regimes [4].

The two regimes represent early time deformation
close to the anvil face that is dominated by
extremely high strain rate behavior of the
specimen material. The second regime accounts for
most of the event and is characterized by constant
plastic wave speed relative to the anvil face.
This phase of the deformation is carried out at a
much lower average strain rate than the primary
phase.

Based on some simplifying assumptions
regarding the geometry of the mushrooming region,
an elementary theory which estimates stress as a
function of strain rate is devised. This theory
is used to characterize the high strain rate
behavior of several useful materials. To a large
extent, uncertainties about the simplified
mushroom geometry have been shown to have little
influence on the results [5].
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4, S. E. Jones, P. P. Gillis, J. C. Foster, Jr.,
and L., L. Wilson, J. Engr. Matls. Tech., (Trans.

ASME) (to appear).

5. J. D. Cinnamon, S. E. Jones, J. C. Foster,
Jr., and P. P. Gillis, Proc. 6th Intl. Conf. Mech
Behavior Matls (1991) (to appear).




Material Constitutive Characterization and Continuum Fracture Toughness
In Fracture and Failure Evaluations

V. Gensheimer DeGiorgi, P. Matic and G. C. Kirby I
Mechanics of Materials Branch
Naval Rescarch Laboratory
Washington, DC 20375-5000

Introduction

Structural performance and integrity analyses require high levels of confidence in constitutive
characterizations, failure criteria and numerical techniques. Koy issues in accurate numerical
simulations of structural performance include an accurate material constitutive characterization
and an appeopriate failure criteria. Given an accurate constitutive response and appropriate failure
criteria, derivable failure parameters can be calculated from the analysis results. The constitutive
response thould be valid for the rangs of defarmation prior to fracture, Moder ductile alloys will
often experience large amounts of deformations prior to failure. In the presence of a crack, large
local strains and deformations will ocour in the near crack tip region even if global strains are at
moderate lovels, The material ohamcterization shomld therefore be capable of accurately
representing large strains.

NRL has demonstrated the ability to accurately predict continuum alloy response through the
combined use of analytical, computationsl and experimental methods to determined the monotonic
material response from initial deformation to final fracture. Fracture is defined by a local failure
critetia which uses the strain energy density required for material fracture at a point in the
continvum as the failure criteria, The critical strain energy density is determined from uncracked
round bar tonsile specimens, There are no a priari assumptions as to location or mode of failure,
Global and local response of the component modeled will determine the failure location,

Mnterial Constitutive Representation

The uniaxial tensile test specimen is often used 1o obtain global load-displacement data, In
principle, the results from this test can be readily normalized to uniaxial material stross-strain data,
However, the necking phenomenon has been a formidable obstacle to accurate constitutive
chiracterization of ductile materials. When constitutive parameters are determined from data
obtsined prior to necking when uniaxial and homogeneous deformations are assumed to exist, the
resulting oonstitutive chamcterization is strictly valid only when the effective stress and strain
measures do not cxceed the bounds of the uniaxial data. For ductile engineering materials, such as
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HY and HSLA steels, the uniaxial data obtained prior to necking describes only a small partion of
the full strain range experienced prior to fracture of a tensile specimen.

Local Failure Criteria

The ideal failure parameter is independent of load level and mode of failure. Typically fracture
parameters are dependent on the crack tip stress and strain field, Fracture due to separation of
material at points in the continuum away from 2 crack cannot be detected using conventional
fracture criteria. Large strain deformation which occurs prior to fracture in modern high toughness
alloys invalidate analyses using LEFM techniques. The dependence of J and J-type parameters on
the presence of an HRR field limits the applicability of thesc parameters. The usc of strain energy
density required for material fracture on the continuum level as a faiture criteria does not require
any additional verification of the form of the stress, strain or energy fields. The strain energy
density is determined from the generalized stress and strain tensors. The critical strain energy
density is deterrained from a series of round bar uncracked tensile tests.The point of material
fracture is determined from experimental data. The stress and strain components at fracturc arc
determined from computational simulations using the geometry independent Cauchy stress-
logarithmic strain constitutive response.

The critical strain energy density has beea found to be dependent on the constraint state. Thick
short tensile specimens which approximate plane strain conditions have a lower critical strain
energy density value for HY-100 than long thin specimens which approximate plane stress
conditions. Inclusion of the known variation of the local fracture parameter in the criticality
evaluation is required for an accurate representation of local fracture initiation.

Verification and Application Problems

The capability 1o accuraiely predict the global and local behavior of cracked and uncracked
components using critical strain energy density as a local failure criterla has been demonstrated by
comparisons of numcrical simulation and experimental results. Current work has concentrated on
HY and HSLA steels. Two and three dimensional numerical simulations of standard compact
tension specimen have been completed. Two dimensional simulations of three-point bend
specimens have also been completed. In addition, quelitative comparisons have been made
between observed behavior and numerical simulation results for surface cracks and complex
structural components.
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A DYNAMIC FAILURE MODEL FOR DUCTILE MATERIALS

A. M. Rajendran and D. J. Grove
University of Dayton Research Institute
Dayton, Ohio 45469-0120

This paper presents a recently developed continuum mechanics based dynamic failure
model for ductile metals. Ductile failure often initiates due to void nucleation and growth.
The nucleation process is controlied by either the stress (tensile pressure) or strain states of
the loading conditions. For instance, in the bi-axial stretching of a thin sheet, the process is
controlled by plastic deformation. The nucleation threshold strain under uniaxial/bi-axial
stress states is orders of magnitude higher than under uniaxial strain. However, in a plane
plate impact (uniaxial strain) condition, the void nucleation is controlled by the high tensile
stresses generated due to shock wave interacticns. In general, the high triaxial stress state
enhances the ductile void growth process. The modeling of the ductile failure process
requires careful consideration of the influence and sensitivity of stress/strain states as well
as strain rates on the nucleation and growth processes of microvoids. The void generation
degrades the strength and stiffness of the initially void-free material.

Realistic modeling of this failure process requires an accurate description of the strain
rate and temperature dependent plastic flow in the intact material surrounding the microvoids.
This is all the more important when the evolution law for ductile void growth is based on the
plastic deformation in the intact material. For this reason, we incorporated a state variable
based viscoplastic theory into the model formulation.

The RDG model considered a viscoplastic constitutive description for the matrix and
the porous aggregate materials. The stress and strain based void nucleation process was
modeled through a Gaussian function with a mean stress and/or strain threshold. The
material becomes plastically compressible upon void nucleation and growth; therefore, the
RDG model includes a pressure dependent yield function for describing plastic flow in the
porous aggregate. There are four phases in the model. In the first phase, the intact material
is described by the Bodner-Partom viscoplastic model. The void nucleation is introduced in
the second phase. The void-contain=d aggregate is described in the third phase using an
associated plastic flow rule derived from a pressure dependent yield function. The last phase
of modeling is the coalescence of voids leading to complete failure. In the RDG model,
separate modeling of the coalescence process is not needed. The void growth law is such
that the growth rate is rapidly increased as the damage approaches its critical value.
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Model constants were determined for OFHC copper, Armco lron, tantalum, 1020,
HY 100, C1008, Mar200, Mar250, and AF1410 steels, and 6061-T6 and 7039-T64 aluminums.
The quasi-static and split Hopkinson bar tensile stress-strain data, and stress gauge data
from a plate impact experiment were employed in the model constant determination scheme.
We applied the new model to describe the failure process in different geometrical
configurations. Ductile failure of a tensile specimen due to necking, spallation in a target due
to a single flyer plate impact, pore collapsing due to doubie flyer (multiple shocking) impact,
complex spall patterns in a solid cone target, @nd spallation in a target due to projectile
penetration have been simulated using the RDG model. The results are shown in Figures
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CONSTITUTIVE MODEL DEVELOPMENT FOR DYNAMIC
DEFORMATION IN METALS

P. S. Follansbee, Los Alamos National Laboratory
MS G756, Los Alamos, NM, 87545

The prediction of material performance during an impact event
requires an understanding of the dynamic stress (o) - strain (e)
behavior. In computer calculations strain rate effects are often
introduced by adding a rate term to a constitutive relation, giving
an equation of the form o=0(¢,¢é). We have shown that an equation of
this form does not properly account for the rate dependent
deformation mechanisms that are responsible for the strain rate
sensitivity as well as the temperature (T) dependence of the flow
stress. The figure below illustrates this with the stress-strain
curves for two, initially annealed oxygen-free-electronic copper
compression samples tested at room temperature. One curve shows the
measured response of a specimen tested gprestrained) to a strain of
15% at an applied strain rate of 10 s' followed by continued
straining at a strain rate of 103 s’!', while the second curve shows
the response of another specimen at a prestrain strain rate of 10*
s'! followed by continued straining at a strain rate of 1073 s’'.

Because the strain
RELOAD r'.m X (15%) , strain rate
(10° sy, and

€103 ! temperature (295K)
/ are the same for
/ both specimens for

€=10734"" | the second part of
the loading sequence
(following the rate
change), the simple
4 equation given above
specifies that the
yield stress at this
point should be
iy v 1 1 identical for both
) specimens, which is
clearly not the
case.

STRESS (MPa)

The failure in the simple equation to capture this behavior is due
to the inability of this formalism to separate the kinetics of
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strain hardening from the kinetics that determine the variation of
the yield stress at a given state. In the data shown the 8 orders
of magnitude difference in the initially imposed strain rate has
yielded, through strain-rate dependent hardening, states
(determined by the hardness, or more precisely, the dislocation
density) which are dissimilar for the two specimens. Thus, the
reload yield stresses differ for these two specimens, even when
they are reloaded at identical strain rates and temperatures.

Experiments such as the one described here illustra:e that the
constitutive equations used to model deformation of copper must
separate the kinetics of hardening from the kinetics operative at
a given state.

One model that does incorporate this feature has been developed by
Follansbee and coworkers at Los Alamos National Laboratory
following the previous work of Kocks and Mecking. The governing
equation for the general case is written as

0 __Y0,5 (& T)$+s (& T)&
(T B 2T e 2T Ry

where i is the shear modulus. This equation relates the stress to
the current strain rate, temperature, and two state parameters, 61
and 82. One of these could represent the resistance to dislocation
motion provided by intrinsic obstacles (e.g., solute atoms,
dispersoids, the Peierls barrier, etc.) whereas the second could
represent the resistance provided by the evolving dislocation
density. In this equation the s,-terms specify the contribution
that temperature and strain rate make to assist dislocations past
these obstacles. The value of the second, evolving state parameter
is described by an differential equation of the form

dé, o[, A0
8,5(8, T)

2=e
de °
where &, is the maximum, or saturation value of §,, which varies
with temperature and strain rate according to separate kinetics
from those specified by the s, values.

This model has been app:lied to copper [1], nickel and nickel-carbon
alloys [2], titanium and titanium alloys [3], iron, low and high
carbon steel, several stainless steels, and tantalum. Application
and continued development of this model is discussed.

(1] P.S. Follansbee and U.F. Kocks, Acta Metall. 36, 81, 1988,

{2] P.S. Follansbee, J.C. Huang, and G.T. Gray, Acta Metall. 38,
1241, 1990.

{3} P.S. Follansbee and G.T. Gray, Metall. Trans 20A, 863, 1989.
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CONCEPTS OF SURFACE FORCE FOR EVOLVING PHASE INTERFACES

Morton E. Gurtin
Department of Mathematics
Carnegie Mellon University

Pittsburgh, PA 15213

The concept of stress within a phase interface is nonstandard, chiefly because of
accretion (the creation and deletion of material points as the interface evolves). Here I will
focus attention on the basic differences between interfacial stress and the more standard
notions of stress encountered in continuum mechanics. A chief difference between theories
involving phase transitions and the more classical theories of continuum mechanics is the
presence of accretion, the creation and deletion of material points as the phase interface
moves relative to the underlying material, and the interplay between accretion and
deformation leads to conceptual difficulties. Three force systems are needed:
deformational forces that act in response to the motion of material points; accretive forces
that act within the crystal lattice to drive the crystallization process; attachment forces
associated with the exchange of atoms between phases. Because of the nonclassical nature
of these force systems, it is not at all clear whether there should be additional balance laws,
let along what they should be and how they should relate to the classical momentum
balance laws. For that reason, I base most considerations of this nature on invariance. A
new idea, that of lattice observers, is introduced: lattice observers study the crystal lattice
and measure the velocity of the accreting crystal surface; they act in addition to the
standard spatial observers, who measure the gross velocities of the continuum.

The balance laws with appropriate constitutive equations lead to a new interface
condition: when surface effects are neglected, this condition reduces to one proposed by
Abeyratne and Knowles for shock—induced phase transformations; for statical situations
the condition reduces to one deduced by Leo and Sekerka as an Euler—Lagrange equation
for the statical stability of the interface.

The work I will discuss was done in collaboration with Allan Struthers.
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THE PROPERTIES OF SHAPE MEMORY ALLOYS ~ IN PARTICULAR PSEUDOELASTICITY

by
Ingo Miiller .
, Physikalische Ingenieurwissenschaft

TU Berlin

Shape memory alloys exhibit a strong dependence o.':he load~-deformation cha-
racteristic upon temperature which is due to an austenitic-martenisitic phase
transition and to martenisitic twinning. At low temperatures the behaviour is
quasiplastic with an elastic range, yield, and residual deformation. At high tem-
perature the behaviour is pseudoelastic: The specimen returns to the initial
state in an isothermal loading-unloading cycle but in such 2 cyvele its state

performs a hysteresis loop.

The quasiplastic hysteresis can be explained by assuming frozen equilibria and
mechanically unstable or metastable internal structural elements. Contrary to
this the pseudoelastic hysteresis requires thermodynamie arguments. Phase equi-
Iibrium between the martensite and austenite is unstable due to - herency
2nerzies between regions of different phases. As a consequence there s rield
and recovery inside the hysteresis loop as soon as phase equilibrium is reached.
The nature of the metastable states inside the hystreresis loop is us et unclear
and, in particular, it is unclear why they should loecse their (meta)stability uas

observed, see Figure.
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The talk aimes at a full description of the observed phenomena and it provides

partial answers to the questions posed by the phenomenon of pseudoelasticity.
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DISTORTION ENERGY IN ELASTIC-PLASTIC MATERIALS
— A MACROSCOPIC ASSESSMENT —

A. PAGLIETTI

Istituto di Meccanica Teorica ed Applicata
Universita di Udine, 33100 Udine, Italy

No matter how perfect it looks, every solid harbours a myriad of
microscopic defects in its atomic structure. The number of defects,
however, is still negligible with respect to the number of atomic positions
that are free from defects. As a consequence, they do not essentially affect
the elastic response of the material, which is mainly the result of elastic
interatomic forces. The defects strongly affect, however, the post—elastic
behaviour of the material, as each of them acts as a singularity that
triggers the production of other defects, thus leading to permanent
deformation and rupture. The evaluation of the defect content of the
material is,therefore, an issue of great practical interest. Is there any
macroscopic means of doing this 7

Thermodynamics enables us to find a positive answer to this question,
and quite a practical one for that. In doing so it also sets a new bridge
between the microscopic properties of the material and its macroscopic
behaviour. The analysis hinges on the fact that there is a thermodynamic
limit to the elastic deformation that a material can suffer (see [1] and [2]).
According to this limit the elastic region in strain space is defined by

u¢Ts (1)
where u=u(ee,’I‘,§) is the specific internal encrgy of the material, s its

specific entropy and T absolute temperature. The quantities ¢ and €
stand respectively for elastic strain and a set of variables defining the
inelastic behaviour of the material. If the elastic range is known, relation
(1) can be exploited to obtain further information on the material. In the
present work, relation (1) is exploited to obtain the value of the internal
energy that remains entrapped in the material surrounding the defects,
once the macroscopic stress is removed. This energy is due to the
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microscopic distortions produced by the defects and is maintained by a
self—equilibrium system of forces, finely distributed in the microscopic
structure of the material and not resulting in any macroscopic stress. As
such these forces cannot be removed simply by removing all macroscopic
stress from the material. This means, in particular, that the free ener%y of
the material surrounding the defects (as distinguished from that of the
whole material) cannot reach its minimum value at the macroscopic
stress—free state. From this observation and from relation (1), the values
of the elastic limit of the material and the energy entrapped in it due to
microscopic defects can be related to each other.

Explicit formulae are provided for the special, but practically
important case of elastic—plastic materials in uniaxial states of stress. The
material behaviour in the elastic range is supposed to be that of a linear
thermo-elastic material. The free energy entrapped in the material
surrounding the defects turns out to be given by

BP=E[(e,+¢)’ ~ (e, + €. /4 2)

where € » €. €0 and €, are respectively the elastic limits in tension

and compression in the initial state and after a defect affecting process. E
denotes elastic modulus and p is mass density. Moreover, the part of the
above free energy of distortion resulting in macroscopic strain at vanishing
n}acrols)copic stress (permanent elastic deformationg is calculated to be
given by

Ay=E (e, +¢) 8, (3)
while the relevant permanent elastic strain is
Ae=—(c,+€) [2. (4)
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MECHANICS OF PHASE NUCLEATION IN SOLIDS

L. Truskinovsky
Department of Aerospace Engineering and Mechanics
107 Akerman Hall
110 Union Street SE
University of Minnesota
Minneapolis, MN 55455

Elastic solids undergoing pl.ase transformations comprise an
important class of "smart materials". Among the most well known
are shape memory alloys, magnetostrictive alloys, ferroelectrics,
and transformation toughened ceramics. Since the enhanced
mechanical properties are a consequence of the strains associated
with the transformation, the mechanism of the transformation is
currently a subject of intense interest. Important variables that
are associated with these transformations include: the elastic
parameters, type of loading, presence of defects (stress
concentrators), etc.

Considerable progress has been made in our understanding of
the absolute stability of elastic phases under applied loads.
However, the presence of metastable phases in these
transformations, which is apparently a generic phenomenon, remains
a major puzzle. Since the metastable phase is only infinitesimally
stable, the nucleation of a second, absolutely stable phase,
indicates that the metastable phase is instable with respect to the
special finite perturbations. One of the crucial problems which
must be addressed in the design of the new materials is to
establish the corresponding energetical limits of the
metastability.

We discuss several model problems related to some basic
features of the nucleation phenomenon in solids vis-a-vis that in
liquids. Among the topics are the following: nucleation in the
infinite matrix and inside inclusions, heterogeneous nucleation,
nonlocal (gradient) effects, and the generation of elastic waves.




BRHAVIOR OF NON-AFFINE VISCOELASTIC
MODELS UNDER STEP SHEAR STRAIN

by

Millard W. Johnson

Department of Engineering Mechanics
and the Engine Research Center
The University of Wisconsin, Madfson

and
David 8, Malkus

Department of Engineering Mechanics
and the Cencer for the Mathematical Solences
The University of Wisconsin, Madison

Abatiact

One of the basic motions to consider in investigating the suitability of
a model for viscoelastic fluids is the stress relaxation after an impulsive step
in shear strain. The model considersd here is bagsed on non—affine kinematics and
can axhibit an S-shapsd streas-velocity gradient curve for steady simple shear,
For step simple shear strain, which is spatially homogeneous in the velocity
gradient by assumption, three versions of -the model, which are supposedly
equivalent formulations, are found to yield different results for the damping
function and the Lodge-Maissner function. 7Two integral versions of tha model
yield results vhich have previously bsen thought to be unacceptable on physical
grounds while a differential equation version yields results acceptable on the
same basis. A numerical golution of the initial valus problem for the
differential equation yields results which we balieve should be acceptable on a
physical basis. The solution is found to exhibit ipatial inhomogeneity at large
strains and long times so that the shear strain is not well defined. The
numerical results agree qualitatively with the results from one of the {ntegral
models for step simple shear strain,
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PATTERN SELECTION IN THE BENARD PROBLEM
FOR A VISCOELASTIC FLUID

Michael and Yuriko Renardy
Department of Mathematics and ICAM
Virginia Tech
Blacksburg, VA 24061-0123

We discuss pattern selection in the Bénard problem for a viscoelastic fluid. Double
periodicity of the solutions with respect to a hexagonal lattice is assumed. Both steady
and oscillatory onsets of instability are considered. For steady onset, we find that the rolls
are the only bifurcating solution which can be stable. For oscillatory onset, a variety of
patterns can be stable, depending on the parameters of the problem.
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FLOW BETWEEN ECCENTRIC ROTATING CYLINDERS:
BIFURCATION AND STABILITY

A.Z. Szeri
Department of Mechanical Engineering

University of Pittsburgh
Pittsburgh, PA 15261

ABSTRACT

The effect of cylinder eccentricity on Couette-Taylor transition is
investigated here for flow between infinite rotating cylinders. The method
of analysis is Fourier expansion of the conservation equations in the axial
direction, followed by projection onto a polynomial subspace. Critical points
of the solution, which are characterized by singularity of the Jacobian
matrix, are located via parametric continuation. This computational scheme
permits an extension of the DiPrima & Stuart results to higher values of the
eccentricity ratio; it also makes it possible to move far from the critical
point into the supercritical Reynolds number regime. The first bifurcation
from Couette flow is found to be supercritical, while supercritical flow is
shown to consist of regions of plain motion with recirculation, separating
toroidal vortex regions. The domain of recirculating flow is asymmetric with
respect to the line of centers, and on increasing the supercritical Reynolds
number its axial dimension decreases while its radial dimension, in the
plain separating the vortex cells, increases.

The results established here for critical Reynolds number agree well
with those of DiPrima & Stuart at eccentricities where their small
perturbation solution is applicable, and there is good agreement with the
experimental data of Vohr. The torque calculations compare favorably with
the experimental data of Donnelly & Simon for the concentric case and with

the data of Castle & Mobbs for non-zero eccentricity.
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A FLOW VISUALIZATION METHOD WITH
EMBEDDED TIME CODE STREAKS

Tzong-Shyan Wung and Fun-Gang Tseng
Institute of Applied Mechanics
Naitonal Taiwan University
Taipei 10764, Taiwan, Republic of China

Flow visualization which utilizes optical methods to observe flow fields is applied throughout
in the study of fluid mechanics and transport processes. Traditional visualization methods provide
intuitive observation of flow motion and qualitative interpretation of physical phenomena. Quan-
titative flow visualization, on the other hand, has capabilities of providing instantaneous maps
of magnitudes, such as velocity or vorticity, over extended areas. Recently developed methods
including particle streak velocimetry, particle image velocimetry and laser speckle velocimetry in-
corporate modern computer, optics technologies and image processes to determine instantaneous
velocity fields. Conventional particle streak velocimetry relies on the integration of trajectories of
particles which scatter light as exposing in the illuminating light-sheet. To quantify each image
streak, temporal information of a trajectory is required not only to provide an exposure duration
time to calculate velocity, but also to remove the ambiguity of the direction of velocity vectors.
Chopping the illuminating light to a certain code is one of the solutions. The recorded streaks,
however, consist of several line segments of the same gray level which may be time-consuming to
link them into correct particle trajectories.

The image grabbing technique presented in this paper has the capability of real time captur-
ing particle trajectories in a light-illuminating sheet with embedded time code to facilitate further
analysis of velocity and vorticity fields. It can be used to both qualitative and quantitative vi-
sualization of a two-dimensional flow ficld with less efforts on the late image analysis. Figure 1
dictates the arrangement of the image system. The camera video signal carries image information
in a standard NTSC RS-170 format at 30 frames per second. This analog signal is then digitized
through an analog-to-digital (A/D) converter to produce 8-bit output, with which each pixel may
have one out of 256 possible gray levels. Pixels flow from A/D converter into an input-look up table
(ILUT). Pixel values below a lowcut value is set to 0, and that above the lowcut to a finite non-zero
value. To encode the time marks to the particle streaks, one can vary the constant output value
of the ILUT after an arbitrary time range. In principle, we can encode particle streaks into 255
different time marks in an 8-bit data. The streaks with embedded time code allow one to analyze
flow velocity field with less labor because the streaks will be displayed in a continuous mode if
the particles remain in the sheet of light, in contradiction to the line segments with chopped light
source.

The second novel process used in the present setup is the real-time arithmatic-logical unit
(ALU). 'The main function of the ALU in the system is to compare and to sclect the larger value
from input pixel values of the A/D converter and feedback channel from the image frame buffer.
The larger pixel value is then written into the frame buffer which can be used to extract velocity
vectors by usual image processing techniques. The benefit of this process is obvious. If the output
values of the ILUT are set to monotonically increasing with time, then the ALU selects larger
values, rather than summation of two values, from the newly coming image (i.e., A/D converter)




and the old stored image in the frame buffer, resulting in a superposition of images while keeping the
updated largest values. This procedure has several advantages over the conventional long exposure
of image by a film or a shutter-controlled CCD camera on that: (1) the background noice of an
image will not grow with time, because the binarization of image by the ILUT already reduces
most of noises; (2) since only the maximum pixel values are recorded in the frame buffer, the image
will not overexpose as appeared in a film or not cause image blooming as with a CCD camera; (3)
in the case of visualization of unsteady flow the trajectories of particles may appear crossover. In
this technique, the latest streak will always show in a continuous path while the previous streak
looks underlaid. This pattern facilitates the analysis of velocity vectors. An output look-up table
(OLUT) can further transform pixel values and display the image on a monitor through a digital-
to-analog (D/A) converter. Pseudo-color OLUTSs and color monitor may be used to enhance human
visual perception of image as shown in the sketch. The image system is operated at a real-time
base, that is at a rate of 30 frames per second.

Figures 2-4 demonstrate the flow visualization by the present technique of natural convection
of a heat-generating module placed in an enclosure heated from below. Figure 2 presents two
rotating cells in the enclosure as a result of 30 second exposure for qualitative observation of flow
structure. The time-code embedded streaks of the flow field is shown in Fig. 3. Each streak
consists of four gray levels. The streak starts with green color and ends with blue, dictating the
flow direction clearly. The tails on both ends have shorter durations because they are used to
indicate the starting and the ending of a series of time marks. The intermediate segments of yellow
and red can be used to derive the magnitude of velocity. It can be seen that even several streaks
are clustered together, one may distiguish between them more easy than the image acquired by the
traditional technique. Figure 4 depicts the flow pattern of unsteady motion in the enclosure. The
streaks are recorded in eight gray levels, namely, ultramarine, green, yellow, red, magenta, purple,
cobalt blue and blue. Several streaks are crossed over the others, but the analysis does not suffer
much from the linkage of line segments and distinction of trajectories with different time code.

feedback
£ OLUT
ILUT monitor
camera AD - {:: — ALU gﬁ&er > —&1 D/A
set ¢

set
Fig. 1 Schematic of the image system

Fig. 2 Streak image with long  Fig. 3 Streaks with embedded  Fig. 4 Streaks in unsteady flow
expusure time code
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ON BEHAVIOR OF METALS AT HIGH STRAIN RATES
Akhtar S. Khan

School of Aerospace and Mechanical Engineering
The University of Oklahoma
Norman, OK 73019, USA

ABSTRACT
Different experimental techniques which are used to study behavior of metals at
high strain rates will be critically examined. Results of a new experiment to study large
finite plastic behavior at high strain rates will be presented. Comparisons with predictions
using a leading constitutive model will be shown, and a new viscoplastic  constitutive

model, valid for a very large strain rate range (10_5 to 104 sec_l), will be presented.
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Constant Structure Experiments for the Evaluation
of Flow Equations for Rate - Dependent Metal Flow

by

Vivek R. Dave and Stuart B. Brown
Massachusetts Institute of Technology
Materials Science and Engineering Department
Cambridge, MA

A ct

Current constitutive models for metals track flow behavior as well as
deformation-induced structural changes, and they require experiments which can
decouple these two effects. Constant structure experiments attempt to do this by
abruptly changing boundary conditions and measuring material response. If the
structure doesn't evolve during the transient, then the material response characterizes
the inherent flow behavior of the material. In this work, strain rate change and
relaxation experiments are critically examined. Previous methods of conducting the
tests and interpreting their results are shown to be problematic. A new method is
suggested, one which overcomes previous problems, bnt raises new questions about
flow characteristics, material structural evolution and appropriate assumptions for
models.

Experimental work is presented for 1145 polycrystalline aluminum at .61 Tp,.

All tests were done on a servohydraulic testing system with extensometer-implemented
strain control. The test information was digitally recorded at a rate of 2500 Hz. The
test temperature was maintained at 300 degrees Celsius to within less than 2 degrees
deviation in the gage length. Rate increments and decrements were conducted starting
from an initial strain rate of .007/s. Relaxation tests were also conducted from the
same initial strain rate. Issues associated with machine dynamical performance were
examined, but they have little impact on the results presented here. The reason for this
is that irrespective of machine performance, the data sampling rate is sufficiently high
to capture material response. Also, there is no dependence on any kind of fixed control
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signal history (strain, in this case), and n> assumptions are made concerning the point
at which the material has reached a new strain rate. Strain rate information is
computed directly from the strain-time history, and this together with the stress-time
history is sufficient to characterize the material response at any point after the change in
conditions.

The ests indicate that a power law representation of the stress-strain rate
behavior is not appropriate at these strain rates and temperature. Also, much care
must be taken in applying the constant straui criterion for the evaluation of constant
structure behavior. This criterion assumes that for small strains after the change in
conditions, the change in structure is due to geometric hardening only, and that
recovery and rate-dependent processes have a lesser impact on structure evolution.
This would imply that although the dislocation structure has changed after the change in
conditions, the amount of that change is a function of plastic strain increment only.
This is a simplification, and its validity may be examined by looking at the evolution of
material response with increasing strain offset from the point of the jump. In this
work, strair. cifsets . .ging from .00005 to 03 are examined. Material hardening
behavior is also calculated in order to evaluate the effect of material structural evolution
with strain offset. A significant difference in hardening is found between rate
increment and rate decrement experiments.  This means that examining material
response at constant strain offset doesn't guarantee that tests at different strain rates will
have undergone the same amount of structural change.

The evolution of material behavior as indicated by the hardening data is
asymmetric for rate increments and rate decrements.  This means that the effect of
rate-dependent structural evolution on the material response determined at G given
offset will be diffecent for different strain rates. 1n order to determine the true constant
structure response at any point after a change in conditions, rate-dependent
contributions must be taken into ac:ount. This requires a model of these rate-
dependent structural evolution processes. This model may include dynamic recovery
and thermally-acuvated dislocation rearrangements, and possibly static recovery. In the
rate increments, static recovery is not expected to have a great impact, but for
relaxation tests at high temperatures, it may. Climb-assisted dislocation rearrangements
could also be considered for the higher temperatures. Regardless of the specific form
of the model chosen, the current work does indicate the need for a more precise
represeniation of material evolution processes in order to better determine the constant
structure material response as measured by change experiments.
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VISUAL X-Y DISPLACEMENT MEASUREMENT BY IMAGE PROCESSING

Yasushi Niitsu
Dept. of Mechanical Engineering, Tokyo Denki University,
Kanda-nishikicyo 2-2, Chiyodaku, 101 Tokyo JAPAN

Kensuke Ichinose
Dept. of Mechanical Engineering, Tokyo Denki University,
Kanda-nishikicyo 2-2, Chiyodaku, 101 ToKyo JAPAN

Kozo Ikegami
Res. Lab. of Precision and Intelligence, Tokyo Institute of Technology,
4259 Nagatsuta, Midoriku, Yokohama, 227 JAPAN

INTRODUCTION

The non-contact type two directional (X-Y) displacement measuring
system is developed. This system is composed by a mesh (grid) pattern as a
traced object, optical lens system, optical fiber scope, CCD camera, frame
memory and a micro-computer. The lines of the grid pattern are measured and
pursued by using the high speed image processing of the projection technique.

The sampling rate is less than 0.2 second by using 180286-16MHz CPU and
the spatial resolution is about 2.5 micro meter. This technique can be ap-
plied in various fields such as high temperature strain measurement and posi-
tioning and control of X-Y table. [1,2]

MEASURING METHOD AND SYSTEM

Figure 1 shows the measuring system. The optical fiber scope is used to
transfer the Image of the grid pattern, from the object lens to the CCD cam-
era. The analog image signal taken by the CCD camera is digitized to 512x480
points binary image data. A personal computer (16MHz-180286) calculates
displacement and controls the X-Y table. The mesh pitch of the grid pattern is
0.5mm, the width of the lines 1Is 0.002mm, and the accuracy is 1/100.

The mcasurement of displacement is to pursue the mesh lines in cach
direction. If the line goes outside the processing region, the next line comes
from another side and it 1s pursued again. The total movement of the grid is
calculated with the number of passing lines and the difference between initial
and current line positions. The distance of grid pattern (0.5mm) corresponds
to about 200 pixels length on the image data. High quality part of 288x288
pixels region is chosen as a window and the projection technique is applied to
this region. The pixels which have black level are counted in horizontal and
vertical dirention at each line as ray integrals. Those ray integrals con-
struct the projections as shown in Fig.2. The projections have one or two
peaks caused by lines of the grid. Subsequently to smoothing, the Laplacian
operation (Second difference) such as following equation is applied to the
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projections in order to emphasize the peaks.
FJ=2FJ'FJ+m'Fj-m’ m= 16 (1)

where F; is j-th ray integral. Sixteen is adopted as the value of m by the
experimént. The results of this calculation are shown in Fig.3. Threshold
levels are calculated as 2 times of mean values of emphasized projections, and
peek position are obtained as the mean positions of upper than threshold. It
takes about 0.18 second to measure X-Y displacement. If movement of the grid
during one measurlng cycle is larger than half of a grid width, the direction
of movement is recognized by mistake.

CONCI.USTONS

The non-contact type two directional (X-Y) displacement measuring
system is developed. A new high-speed projection technique, which can measure
the position of the grid pattern, is used. Sampling time of X-Y displacement
is less than 0.2 second and the spatial resolution is 2.5 micro meter (1/200
of grid distance).

Fiber CCD camera

scope
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Fig. 1. Schematic figure of the measuring sys-
tem. This system composed of CCD camera, opili~
cal fiber scope, frame memory and computer.

Fig.2. Projections of binary image. Fig.3. Smoothing and emphasizing
Points of dark level are counted up operations for the projections of
along horizontal and vertical lines. binary image in Fig.2. Lines show

the threshold levels.
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EXPERIMENTAL EVALUATION OF THE TAYLOR-TYPE
POLYCRYSTAL MODEL FOR THE FINITE DEFORMATION
OF AN FCC METAL (OFHC COPPER)

Tusit Weerasooriya
Army Materials Technology Laboratory
Watertown, MA 02172

ABSTRACT

Large deformation uniaxial compression and fixed-end and free-end torsion (simple
shear) experiments were conducted for annealed OFHC Copper to obtain stress-strain
behavior of the material. The stress-strain behavior for these experiments were also
predicted using a Taylor type rate dependent polycrystal model by Asaro and Needleman!.
Simulation of these experiments was conducted using a recently developed, highly
efficient, fully implicit time integration scheme by Kalidindi et al.2 In the initial phase of
the simulation, the evolution of the constituent single crystal slip system deformation
resistance was estimated using the experimentally determined compressive stress-strain
behavior of the polycrystal. With this crystal constitutive behavior, the stress-strain
behavior of the polycrystal for simple shear was computed. In addition, evolution of the
crystallographic texture was computed for both compression and simple shear tests.

Experimental shear stress was insensitive to changing from fixed-end to free-end
condition of testing. The predicted shear stress-strain behavior for simple shear test
compared reasonably well with the experimental results. The simulated axial stress
response agrees qualitatively (compressive) with the experimental observations, but over
estimates the experimentally observed axial compressive stress.

1. ASAROQ, R. J. AND NEEDLEMAN, A, Texture Development and Strain Hardening in Rate Dependent
Polycrystals. Acta Metall,, v. 33, 1985, p. 923,

2.  KALIDINDI, S. R., BRONKHORST, C. A. AND ANAND, L. Crystallographic Texture Evolution in Bulk
Deformation Processing of FCC Metals. to sppear in Journal of the Mechanics and Physics of Solids.
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In uniaxial compression tests, the simulated stress-strain behavior decreases with an
increase of strain rate sensitivity or decrease of the latent hardening for the same strain. In
simple shear, shear stress response is not sensitive to changes in either strain rate
sensitivity or latent hardening. The axial and hoop stresses decrease with the increase in
strain rate sensitivity. With the decrease of latent hardening, the axial and hoop stresses
increase at lower shear strains, but decrease at higher shear strains.

The predicted texture of grains for compression tests assumes an orientation given
by the ideal {110}<uvw> fibre where {110} planes become perpendicular to the loading
axis. For simple shear, predictions show the presence of the ideal A- ({111} <uvw> partial
fibre) and BY ({hk/)<110> partial fibre) fibres and C ({001} <110>) orientation, where in

this notation, planes are parallel to the shear plane and directions are along the shear
direction.
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A STUDY OF THE NOTCH SIZE EFFECT ON THE FAILURE MECHANISMS AND STRAIN DISTRIBUTIONS OF ANGLE PLY
LAMINATES SUBJECTED TO FATIGUE LOADING USING THE MOIRE INTERFEROMETRY METHOD.

Or.R.L.Pendleton Mr.F.C.J.Anigbo Mr.S.1.1bekwe

Professor Graduate Student Graduate Student
Mech.Engr.Dept. Mech.Engr.Dept Mech.Engr.Dept.
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R.City SO 57701 R.City SD 57701 R.City SO 57701

{ntroduction: The inhomogeneous nature of fibrous polymer composites gives rise to a widely
different stress levels within the composite laminate. This makes the analysis of the fatigue
behavior of composites difficult. The fatigue failure processes occurring within an individual
laminae depend on the basic characteristics of the lamina and its angle of orientation relative to
the apptied cyclic load [1]1. The consequences of gradual deterioration of specimens subjected to
fluctuating load is that the strain {evel in the test coupons mey increase as cycling between fixed
toad timits progresses. Therefore an understanding of both the failure processes and the strain
distribution on & composite laminate is necessary.

Method: (0/30/60/90/0)s and {0/30/60/90/012s laminates were investigated. Edge notch at the center
of the specimens were of the slit type with the notch depth either 3/16th or 5/16th of an inch.
Cross grating measuring 1x1 inch was mounted at the center of the specimen ( Fig.5). Two mutually
coherent beams of light illuminating the specimens at angles +A and -A interfere to form a virtuat
reference grating (2], The specimen grating and reference grating interact to form the desired
fringe patterns. The strain values were calculated as in (2). The specimens were cycled between
fixed loads of 603 and 1008 lbs. at a frequency of 10Hz for 55,000 cycles and then removed from the
test fixture and analyzed.

Results: Using the Moire technique, the initial failure mechsnisms observed in both laminates and
the two notch depths studied were those of axial cracking in the direction of the applied cyclic
load. Subsequent to this was delamination along the axial cracked path. The 3/16th inch notched
laminates of the (0/30/60/90/018 were observed to axially split on both sides of the notch with a
length equal to twice the width of the notch (2x.0313in.) (3). The delamination that followed was
not very extensive 8s was observed from the Moire fringe photographs. The 5/16th in. notched
specimens of the same composite type had extensive sxial cracking measuring about five times the
notch width (5x.0313in.) The delsmination that followed was equally extensive and was along the
axial cracked path, At the notch, digitization was difficult duc to the extensive delamination .

Tha 3/716th inch notched laminates of the (0/30/760/90/0)2s exhibited en initial axfal splitting
which was to the gize of the notch width (.0313in.) followed by delaminations. The delaminations
were Limited to the areas exhibiting sxial cracking. A wavy form of fringe pattern was also observed
for these laminate type. Simitar to the 3/16th’s, the 5/16th inch notched taminates exhibited axial
crackirg equal to twice the size of the notch depth (2x.0313in.). This was followed by delamination.
Both the axial cracks and the delaminations were extensive in comparisons to the 3/16th inch notched
specimens. Also, a wavy form of fringe pattern was observed. According to Daniel and Pipes[4), this
type of fringe pattern is associated with interlaminar shear edge effects.

strain Distribution: Irregutsr strain varfations were obtained for both specimen types and their
respective notch depths. The X-displacement strain plot taken at the notch axis for the
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(0/30/60/90/0]s laminates shown 1n Fig. 1 indicated high strain magnitudes around the notch for the
5/16th in. notched specimens. The strain magnitude decreased as strain was plotted away from the
notch. The 3716th in. notched lominates exhibited increasing strain magnitude away from the ooteh
The Y-displacement strain plot shown in Fig. 2 plotted at points below and above the notch axis
again indicated high strain magnitude for the 5/16th in. notched laminates. Due to the extensive
delamination observed in the moire fringe patterns, strains st the notch could not be determined

The 3/16th in. notched taminates exhibited peaks of maximum and minimum strain magnitudes but
decreased in strain magnitude as we moved further away from the notch.

The X-displacement strain plot for the [0/30/60/90/012s shown in Fig. 3 exhibited high strain
magnitude for the 5£16th in. notched laminates. The laminate exhibited decreasing strain magnitude
half way into the specimen and thereafter increased again. Contrary to this, the 3/16th in. notched
laminates exhibited an increasing strain magnitude and an inflation point as we moved away from the
notch. The Y-displacement plots shown in Fig. 4 exhibited a much narrower strain range for both
notch depths. The 3/16th in. notched laminates exhibited strain peaks before decreasing towards zero
strains, while the 5/16th in. notched laminates exhibited {ower strain magnitudes close to the notch
but thereafter increased gradually to a maximum before falling to almost zero strain.

Conclusion: Composite degradation due to cyclic loading was dependent on the notch depth, the
thickness of the laminate and the number of cycles. The various peaks recorded for the strain
magnitudes were due mainly to material inhomogeneity at the surface of composite laminates and
errors due to digitization. Finally, Moire interferometry is an effective and efficient method for
the determination of the surface strains due to gradual deterioration in composite laminates
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. Morley, J. G., "High Performance Fiber Composites, Academic Press Publisher, 1987, p 216.
2. Post, D. “Moire for Interferometry" Manual on Experimental Method for Mechanical Testing of
Composites R.L.Pendleton, and M.E.Tuttle, Eds.,S.E.M.,Inc.1989.
3. Anigbo, F.C.J., "Investigations on the Failure Mechanisms and The Strain Distribution of Notched
and Unnotched Composite Laminates Subjected to both Tensile and Fatigue Loeding Using The Moire
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4. Pipes,R.B. and Daniel,!.M., “Moire Analysis of The Interlsminar Shear Edge Effects in Laminated
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VEHICLE STRUCTURAL COMPONENTS CRASH SIMULATION
by USING NONLINEAR FINITE ELEMENT APPROACH

De-=Shin (Scott) Liu
Agsociate Professor
Department of Mechanical Engineering
National Chung-Cheng University
Chia-¥i, Taiwan

ABSTRACT

For the automotive industry , to have a newly developed vehicle
meet the crashworthiness requirements is time consuming and expensive .
Therefore the use of computer-based , analytical methods to provide quick
and inexpensive design iterations has become a fundamental part of the
design process .

This paper focuses on vehicle structural components crash
simulation . Three example problems have been analyzed by employing the
dynamic nonlinear finite element crash simulation code "DYNA3D" . The
three example problems include :

1)  front upper rail crash simulation .

2) rear bumper low speed impact simulation .

3)  knee impact simulation .

In all three problems , very reasonable correlations between analysis
and experiment have been observed .
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Figure 1. Deformed Shape of The Rear Rail .

Figure 2. Failure Mode of The Full Vehicle at 50 ms .
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THREE DIMENSIONAL PLANE WAVE ANALYSIS FOR PIEZOELECTRIC MATERIALS
USING FINITE ELEMENTS

N. M. Sallah, Department of Industrial Engineering
G. R. Buchanan, Department of Civil Engineering
Tennessee Technological University
Cookeville, Tennessee 38505

ABSTRACT

The theory of plane waves is presented in numerous textbooks, such as [1,2]. The
solution is in the form of a progressive wave travelling in the direction of a
unit vector n; perpendicular to the plane wave. The phase velocity vector V; is
perpendicular to the wave plane and has magnitude V. When the propagation
direction is varied the end of the phase velocity vector describes a three
dimensional surface that is referred to as the velocity surface. At any point on
the velocity surface the velocity can be analyzed as three types, a quasi-
longitudinal wave velocity V;, and two quasi~shear wave velocities V, and V;.
Normally, the longitudinal wave has greater magnitude than the shear waves. The
wave velocities are obtained by solving the eigenvalue problem that is associated
with free vibration.

The equations governing free vibration of piezoelectric materials are given in
[3]. There are four coupled partial differential equations and in subscript
tensor notation can be written as;

Cijkt(Ukiti + WLki)/2 + exijb.ks = pd2u;j/at? (1)

ek, i + ULiki)/2 - €§jii = 0 (2)
The terms in Eqs. (1) and (2) are defined as follows;

Cijki — elasticity tensor, exij — plezoelectric tensor,

€ijx — permittivity tensor, P - material density,

uj -~ displacement vector, ¢ - electric potential,

t - time, (),; - spatial differentiation.

A solution for Eqs. (1) and (2) can be obtained by assuming appropriate functions
for u; and ¢ such that
uj = U e (kixi—wt) $ =0 o (Kixi—wt)

(3)

where ki, w and x; are the wave number vector, circular frequency and position
vector, respectively. The wave number can be defined as k; = (w/V)n;.

Substituting into Eqs. (1) and (2) gives an equivalent set of algebraic
equations.
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Cijkm;njUk + emljninm<b - pVZUi (4)
eikning = epining® = 0 (5)

Equatfons (4) and (5) are solved using the finite element method.

The finite element equations are written as follows and additional details are
given in [3].

[[Bu]T[CY[Bu]-V2{N,)T[p] [N]1{U} + [By]T[e][B,](®) = O (6)
[(Bu]T(e][Bs]1T{U) — [B417[€][By)id) = O (7

The [B] matrices are defined as follows;

[By] = [Lu](Ny), [Bg] = [Lygl[Ny]. (8)
with
ny 00
0 Ny 0 n;
L) =]00 n |, (L] = | m 9
0 ny ny n3
Nj 0 n)
Nz Ny 0

The shape functions [Ny] and [N4] correspond to any one, two or three dimensional
element that is to be used for the analysis. The finite element operators contain
partial derivatives but they are functions of the direction cosines (n;, ny, n3).
One finite element, defined by any shape function, is sufficient to solve for the
phase velocity of the wave for any crystal type. For example, to obtain the phase

velocity in the z direction, let nz=1 and n;=n,=0 and compute the corresponding
result.

Results are computed for various materials and presented as polar plots of the
phase velocity as a function of angle of orientation. The effect of polarization
is studied for piezoelectric materials by comparing phase velocities when
piezoelectric effects are included to phase velocities when the effect is
omitted. Phase velocities are presented for representative materials, such as,
Si, TiO,, GaAs, Te0O,, ZnO and LiNbO;. These results are also tabulated in [4].
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LOCAL STRESSES IN PIPING AT WELDED ATTACHMENTS
BY FINITE ELEMENT METHOD

C. Basavaraju, Bechtel Power Corporation, Gaithersburg, Maryland
S. R. Kalavar, Bechtel Power Corporation, Gaithersburg, Maryland
C. Y. Chern, Bechtel Power Corporation, San Francisco, California

In the Power Generation Industry Integral Welded Attachments
(IWA) are often used to support piping systems. The local
stresses at the IWA locations are commonly evaluated using
Bijlaard's method per WRC-107 approach. The finite element
analysis (FEA) method is very effective and one of the most
powerful tools but is costly, time consuming and is not
convenient to apply on a production basis. On the other hand,
the Bijlaard's method is relatively simple to use but has
limitations in terms of the attachment and pipe size (i.e., @ and
V’parameters). In this paper, the FEA, using 3-D solid brick
elements and shell elements, was utilized to assess the
conservatism present in Bijlaard's method and also to evaluate
stresses when Bijlaard's method cannot be applied due to the
exceedance of limits of and parameters. Extensive
parametric studies utilizing FEA method covering various pipe and
attachment sizes were undertaken. The results were presented as
reduction factors to be applied to WRC-107 results. Methods to
evaluate attachments on elbows and odd shaped attachments were
also addressed. These results are considered to be of benefit to
the industry at large in evaluating many practical situations
where (@ parameter exceeds the limits of Bijlaard's method
without actual recourse to FEA method for commonly encountered
pipe sizes.
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General Limit Analysis of Plane-Strain
Extrusion Using Finite Element Method

Kuo-Hsiao Liu

General Motors Corporation
CPC Engineering
Warren, MI 48090

Abstract

A general limit analysis algorithm for plane-strain
problems has been developed. The theoretical foundation
of this algorithm is a duality theorem which equates the
least upper bound to the greatest lower bound.
Minimizing the upper bound approach is chosen in this
study. Unlike the classical upper bound methods which
assume the kinematic function of the flow field, the
algorithm automatically converges to the correct mode (a
correct mode if it is not unique) by an iterative scheme.
The advantage of this general method is most evident for
problems with complex geometry and boundary
conditions for which the correct deformation field will be
difficult to assume.

The extrusion problems with square dies and wedge-
shaped dies are studied. In addition, the friction effect
between die face and the extrudate is taken into
consideration. The results obtained are compared
whatever possible with the classical solutions. Good
agreement is found for this comparison.




ENERGY CHANGES CAUSED BY DEFECT GROWTH IN PIEZOELECTRIC SOLIDS

H. A. S0SA

Mechanical Engineering and Mechanics Department, Drexel University, Philadelphia, Pa 19104

Piezoelectric ceramics are anisotropic insulators possessing a remarkable property: They deform under
the effect of an electric field and conversely, they induce an electric voltage when subjected to mechanical
loads. Because of this dual effect, piezoceramics have become the key component in a multitude of electrome-
chanical devices which range from medical instrumentation to deep submersion acoustics. More recently,
they play an important role as components of “smart structures”. The increasing number of applications is
also being reflected in the severity of the loads to which these materials are being exposed. In fact, experi-
mental observation has shown that mechanical and electrical effects are responsible for the development of
high stress concentrations in the neighborhood of existing defects such as cracks and holes. Thus, it is not
surprising that questions related to the mechanical failure and electrical degradation of piezoceramics have
become of great concern. Consequently, it is clear that the mechanical strength of piezoelectric ceramics is
a factor that must be considered in the design of electromechanical devices. The causes of failure can be
understood through fracture analysis. Such an analysis could suggest solutions to avoid fracture based on
design changes, material selection or manufacturing modifications.

In a series of papers, the author and co-worker have developed analytical models describing the interac-
tion of clectroelastic phenomena with defects. For the particular case of the crack-like defect, the distribution
of the electromechanical fields in the neighborhood of the crack tip have been deduced. Furthermore, fracture
parameters addressing both mechanical and electrical effects were introduced and their use was illustrated

by means of several examples.

In this work the fracture mechanisms that occur in piezoelectric materials are addressed from a different
point of view. The approach consists of the evaluation of the change in the total potential energy owing to
defect growth. Towards this end, the total potential energy functional, II, of a lincar piezoelectric material

is defined in terms of the elastic strain energy, the electrostatic energy (as a function of the electric field),
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as well as in terms of the external work associated with surface traction and total surface charge.

Au expression for the change in total potential energy, All, caused by the growth of an arbitrary cavity
is deduced, In the particular case of a crack, a piczoclecteic energy release rate, Gp, is delined as the negative
limit of the ratio of All to change in crack length, as this length tends to zero. A closed form expression for
Gp is obtained in terms of applied electromechanical load, crack geometry and material propertics. Examples
are provided to show that for a given tensile stress, Gp can increase or decrease depending on the direction
and intensity of the applied field. It is found, however, that the levels of electric voltage necessary to produce

crack growth may exceed the limitations imposed by the material to avoid dielectric breakdown.
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A Note on the Compatibility of Thermal Stress Analysis
By Finite Element Method

2hou Ming and Huang, C.L.D.
Department of Mechanical Engineering
Durland Hall
Kansas State University
Manhattan, KS 66506-5106

Finite Element Method (FEM) has developed very rapidly, and it
has been applied to many fields in engineering. Many commercial
FEM packages for general purpoce and/or special purposes are now
available to users. Occasionally, because of the limitations of
the packages themselves; or the 1limitations of the user's
background about FEM and its field of application, the use of the
packages might result in an unsatisfactory solution or it might
take too much CPU time to achieve accurate solutions. 1In some
special cases, an unacceptable solution might be obtained if the
weight function of the finite element model is improperly chosen.
Particularly in application of FEM to the structural thermal stress
analysis, compatibility problems of choice of element models are
encountered. In this paper, some compatibility conditions of
thermal stress analysis are investigated and imposed, which can
help to obtain solutions of thermal stress problems more accurately
and economically with usage of FEM packages.

The uncoupled thermal stress problems are considered in two
phases: the temperature field and the displacements, which yield
the thermal stresses. Two kinds of FEM models are required, namely
thermal element (or temperature element) models and structural
element (or displacement element) models. It is reasonable to use
the same geometrical mesh for both phases (i.e. uniform mesh). For
a uniform mesh thermal stress analysis, different kinds of models
can be used for thermal elements and structural elements, based on
the physically modeling. The order of an element model is defined
as the order of the complete polynomials in the shape functions of
the element. If both the thermal element model and structural
element model are of the same order, a full-model process is
called. A reduced-model process is defined that has the order of
temperature element model one less than that of the displacement
one. It can be shown that the reduced model process gives the best
solution in predicting thermal stress for a given uniform mesh.
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The thermal stress problem is considered as an initial strain
problem, with the strain-stress relation defined as o; = Dy, (€y- €q),
where ¢, is the total strain tensor, which depends on the
derivatives of dlsplacement €y = %(u, + u,), and ¢! is the thermal
strain tensor which is the linear function of temperature, €j=a T
8§,y So the error of thermal stress (e’) depends on the difference
of the_error of €,(e‘) and the error of €] (e ) The relation is,
e'~et-et, Thus, the reduced model process results in the uniformity
of order of errors e and e‘. Furthermore, it can be shown, that
et and e’ always have the same sign, the uniformity of the error
orders minimizes the error difference (e-e’) , which yields the
optimum solution of thermal stresses for the given uniform mesh.

Numerical examples show that the linear full-model process
converges very slowly as the element approaches infinitesimal size.
Thus, if Wilson's non-conforming element is used for the structural
analysis, the corresponding thermal element model should be linear
to be compatible. The Wilson element has an order of 2 although
the same number of nodes in the uniform mesh are used in the linear
element. Numerical examples by FEM are given. The correctness and
significance of the compatibility condition are illustrated. The
following table shows the thermal stresses at points of the
interior surface of a infinite long circular cylinder for three
types of different uniform meshes. The number of elements of each
of the meshes are 4, 10, and 40, respectively.

MODEL || FULL-MODEL " REDUCED MODEL |
MESH I Value Eprorll Tlmell Value Il Error Time |

MESH I 72.2008 4.56% 11.2 | 67.9269 1.63% 10.9

MESH 11.169.9362 1.28% 44.4 | 68.8263 | 0.33% 40.3

MESH III

EXACT
SOLUTION

For thermal stresses in shells, in spite of the descretization
error as it was discussed before, there is another kind of error,
the Shell Modeling Error (SME). The uniformity of order of thermal
SME and structural SME is also a key factor in the finite element
analysis of thermal stresses. Generally, the structural SME is
much smaller than the thermal SME, so a higher order temperature
shell element (in thickness direction) is required corresponding to
the commonly used Kirchhoff or Mindlin structural shell elements
which are linear in the thickness direction. Numerical results
show that the 1linear temperature shell element might give
unacceptable solutions of thermal stresses, and a quadratic
temperature shell element usually yields a fairly good result of
thermal stress if the shell is not too thick.

69.3269 0.40% 851.1 | 69.0424 0.01% 847.1

69.0516
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ON THE ANALYSIS OF SUPERHARMONIC OSCILLATIONS
USING A GENERALIZED HARMONIC BALANCE METHOD

Julian J. Wu
US Amy Research Office
Research Triangle Park, NC 27709

ABSTRACT

It is well known that nonlinearities can cause sub- and super-harmonic excitations
in vibratory systems. The analytical understanding of such phenomena is often
difficult to obtain. It has heen shown that the method of multiple scales can be to
solve such problemis as dzmonstrated in several papers by Nayheh. However, the
procedures involved are quite complicated and requires recursive solution of
differential equations, the elimination of secular terms and reconstitution, all of
which are nontri /ial procedures. Recently, in a series of papers by Noble, Hussian
and Wu, a genralized harmonic balance method (GHB) was introduced as an
alternative to the method of multiple scales. This variant of the harmonic balance
method consists of two parts: first, to derive the form of solution using only the
hasic of multiple scales, and then, solve for the coefficients of various harmonics.
It was shown that GHB is equivalent to the multiple scales method in terms of
getting all the pertinent information. Yet, the steps involved in GHB appear to be
more straightforward than those of the multiple scales method. In this paper,
examples will be given for the obtaining of superharmonic excitations. A quite
general nonlinear ordinary differential equation with several nonlinear terms is
considered. A specific case of superharmonic oscillations of order 2 will be
investigated. Like the case for subharmonics, the form of the solution is first
derived, which is then plucked into the original differential equation. Using an
iterative scheme, equations of various harmonics are then obtained which include
a new, nonlinear ordinary differential equation of a slow varying function compared
with the original dependent variable. This same equation will be shown to yield the
steady state solutions. Results are presented for some specific set of parameters.
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ON THE USE OF ARTIFICIAL SPRINGS IN THE FREE VIBRATIONAIL ANALYSIS
OF SYSTEMS COMPRISING SEVERAL DISTINCT COMPONENTS

J. Yuan and S. M. Dickinson
Department of Mechanical Engineering
The University of Western Ontario
London, Ontario, Canada
N6A 5B9

INTRODUCTION

In 1943, Courant[l] included in his address to the American
Mathematical Society a discussion of the use of the Rayleigh-Ritz
method for solving problems with rigid boundaries by treating them
as limiting cases of free boundary problems, for which the choice
of admissible functions can be simpler. The technique proposed was
to introduce what amounted to 'artificial' springs at the otherwise
free boundaries and permitting their stiffnesses to become
sufficiently high that the required rigid boundaries were
approximated. This technique was subsequently used by a number of
researchers, sometimes to solve rigid boundary problems (for
example see references [2,3])) and sometimes as limiting cases of
studies on spring supported systems (for example, see references
(4,5]).

The precent authors have recently proposed and demonstrated
that this approach may be used effectively to solve problems of
systems comprised of straight and/or curved beams[6,7] and of
rectangular plates{8]. For such cases, appropriate artificial
springs are intcoduced between the constituent members and at the
boundaries of the system and the admissible functions are chosen
simply to satisfy the rfree conditions at the boundaries of each
component. The necessary bcundary and continuity conditions between
components are enforced by permitting the stiffnesses of the
appropriate springs to become very high compared with the stiffness
of the components. In the event that the system has flexible
boundaries and/or flexible joints between components, then each
artificial spring is simply assigned the actual stiffness of the
appropriate boundary or joint.

In the present paper, the anaiytical procedure is described for
application to the study of systems comprised of beams, plates and
shells, wit}l several particular systems being treated to illustrate
the versatility and accuracy of the approach.
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QUTLINE OF PROCEDURE

The following steps are employed:

(1) The system under consideration is decomposed into its
individual compcnents, each of which must be amenable to analysis
in the ‘'free' condition by means of the Rayleigh-Ritz method.

(ii) The admissible functions are chosen for e¢ach component,
satisfying the geometrical free edge or end conditions for the
component.

(iii) Assuming that the system will vibrate with simple harmonic
motion, the maximum kinetic and strain eneryies for each component
are evaluated and summed over the whole 'free' systen.

(iv) Appropriate artificial springs are introduced at the system
boundaries and joints between the components and the maximum stain
energy stored in the springs evaluated.

(v) Sumning both the componenf. and spring strain energy, the
Rayleigh-Ritz minimization procedure is carried out to yield the
eigenvalue equation for the flexibly jointed and supported system.
(vi; Should the real system have flexible joints or flexible
supports at a boundary, then the appropriate artificial springs
assume the actual stiffness of the joint or boundary support. For
rigid connections between components or at the boundaries, these
are approximated by allowing the appropriate spring stiffnesses to
become very high.

ILLUSTRATIVE EXAMPLES

In order to demonstrate the applicability of the approach,
several systems are considered, including structures composed of
circular plates and cylindrical shells. Comparisons are made with
results from the literature, where available, and close agreement
is shown to be achieved.
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VIBRATIONS OF RECTANGULAR MEMBRANES
SUBJECTED TO SHEAR AND NON-UNIFORM TENSILE STRESSES

Arthur W. Leissa and Amir Ghamat-Rezaei
Department of Engineering Mechanics
The Ohio State University
Columbus, Ohio 43210

Although the free vibrations of membranes is a subject that has been studied
for more than a century, virtually all problems investigated have been for
membranes stretched uniformly in tension in all directions. Two important
?uestions arise: (1) What effects would a variation in the tension have upon the
requencies and mode shapes? (2) What effects would additional shear stress have?

The present work investigates the vibration characteristics of rectangular
membranes subjected to possible combinations of constant plus linear variations in
normal stresses, and constant shear stress; that is,

ox=C1+Cgy, 6y=C3+Cyx, 1, =Cs (D

where proper restrictions are placed upon the coefficients Cj, ..., C5 so that the
normal stress in all directions and at all poirits does not become compressive, to
avoid wrinkling. The Ritz method is used to solve the free vibration problems.
Transverse displacements are assumed to be a double series of trigonometric
fur::tions. A convergence study is made to establish that 8 x 8 = 64 terms in the
series is sufficiently accurate for most purposes.

Using such solutions, the first 10 frequencies are found for a square
membrane subjected to uniform and equal tensile stresses with added shear stress
(Cy=C3, Cy=C4=0). Contour plots of mode shapes are also shown for C5/C; =0,
0.%, 0.5, 0.8§ and 1. It is found that the addition of moderate shear stresses (C5/C;
= (.2) cause only small changes in the frequencies (4.6% maximum change among
the first 10 frequencies). However, as C5/C; approaches unity, (on the verge of
wrinkling), the stress field hecomes one of diagonal tension, and frequencies and
mode shapes change rapidly. As the limiting value Cs/C; = 1 is approached, all
freguencies decrease markedly, and node lines (lines of zero displacement in the
mode shapes) become parallel to the diagonal and closely spaced, near the diagonal.
Frequencies for rectangular membranes of aspect ratio 2 are alsc given.
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Finally, the effects of nonuniformity in the tensile stress (C; = C3, Cy = Cy,
Cs = 0) uwpon the frequencies and mode shapes are studied. The effect of
nonuniformity is also to decrease all frequencies, but less severely than the
decreass caused by shear stress.

Rather comprehensive sets of tables of frequencies and contour plots of mode
?il]apes have been recently published for the two types of problems de<cribed above
REFERENCE
1. Arthur W. lLeissa and Amir Ghamat-Rezaei, "Vibrations of Rectangular
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DYNAMIC BEHAVIOR OF AN INELASTIC SYSTEM
TO HARMONIC AND RANDOM EXCITATIONS

N.C. Nigam
Director, I.I.T. Delhi,New Delhi (INDIA)

In the inelastic regime, the dynamic behavior of structural systems is
nonlinear. Under simultaneous action of two, or more, excitations it

way involve significant inelastic interactions (1). We consider a
symretrical frame (Fig.l) having two-degree:-of-freedam and subjected to
harmonic and randam base excitations in two orthogonal directions.
Assuming inelastic interactions in bending only, the elastic and inelastic
behavior of the frame in the force-space is shown in Fig.2. It may be
expressed by the equatians

ii.l+pi = -rii(T), i=12, (1)

= - : 2 2 < . 2 2 = L <
p; = YUy if P+, 1, or if PP, 1, and wp 0, (2)
L2 1 - .
P, P, PP, j ul L, .
Lr = , 4 ,1fpl+p;=l,andwp3_0 (3)
P, PP, P Y
in which, 1 = wot, u, = X /xy QJ./Qy’ ay = %{/m, = a/ay, R is the

natural frequency u . the current position of elastic equilibrium and w_ is the
rate of plastic wo P
HARMONIC EXCITATION: For hamonic excitation: Z = sin aT, Z = sin{(aT4p),

the steady-state elastic response is given by ?

P, =Y = b sin at , p = u = b sin(at+p)

where b = ~z/(1-o%) , and T < (1-o) /(l4cos 0)? | (4)
For 0 < p < /2, the response is partly-elastic and partly-plastic. For

p= 1/2 wnd r > (1-u%), steady-state response is completely plastic and the
frequency response equation can be expressed as

l"" - b'/u"+2u:" = l' and bp = 1/(1p = 1/(1--r))!5’ (5)

which represents the locus of peak anphtude Plots of frequency response
equation and locus of peak amplitude is shown in Fig.3 for r = 1.0 and 0.7.
Plots for elastic behavior (E), elastic-plastic behavior, with interaction
effects neglected (EP), and results of numerical computation are also shown
in Fig, 3.

RANDOM EXCITATION: For random excitation Z N z are modeled as correlated,
zero mean, white noise with

zjzx(w) ¢Jk¢ fbjk-l, if 5=k, 0 - ¢jk <1l, if j #k, j,k = 1,2. (6)
the response is partly-elastic and partly-plastic. Assuming the plastic
excursion is a rare event, the expected value of the fraction of time spent
in plastic state can be expressed as

95




T 1

{ (
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where « = (-J:l+0")/4e":-"(l-p"’ ), B= (oz-<12+4p2?0202)/(4(1-02 Ya2a?) (D

z 1?7 12 i 2 1 2 1’ | I
Io is the modified Bessel function of the first kimd., IV interaction
effect is neglected, and °o=9=0, xy= n, EID(T) ] is given by (2):
ED(T)] = 2 erfc(n/V2) : (8)

Fig.4 shows the plot of fractional occupation time for differoant levels
of correlation with interaction (EPI), and without interaction (EP).
Numerical simulation results using artificial earthquakes are also sauwn.
RESULTS: Effects of interaction on inelastic response are sinificant for
both hamonic and random excitation. Theoretical results match the
simulation results closely in both cases.
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POISSON EFFECT ON THE FREE VIBRATION OF
LAMINATED COMPOSITE BEAMS

K. Chandrashekhara and Kiran M. Bangera®
Department of Mechanical and Aerospace Engineering
and Engineering Mechanics
University of Missouri - Rolla
Rolla, MO 65401 USA

ABSTRACT

Free vibration characteristics of laminated composite beams are studied based on a
higher order shear deformation theory. The Poisson effect, which is often neglected in
one-dimensional laminated beam analysis, is incorporated in the formulation of the beam
constitutive equation. A finite element beam model is developed to demonstrate the
influence of Poisson effect and boundary conditions on the frequencies of laminated
composite beams.

MATHEMATICAL FORMULATION

Fiber-reinforced composite beams are finding increasing applications in a variety of
structural components, such as helicopter blades, turbine blades, and robot arms. A survey
of recent developments in the vibration analysis of laminated composite beams has been
compiled by Kapania and Raciti [1]. Exact solutions for the free vibration analysis of
symmetrically laminated compostte beams with various boundary conditions has been
recenily reported by Chandrashekhara et al. [2]. The results {:resented in [2] are based on a
laminated beam theory in which Poisson effect is neglected. In the present work, equations
of motion are derived for laminated comgosite beams based on a higher order plate theory

3], and the Poisson effect is incorporated in one-dimensional beam model. The laminated
eam constitutive equations can be expressed as [4]

0

Nx Al 1 Bx 1 Ex 1] €x
— — — 1
Myt = |B,, D,, F.y Kx
— —_ _ 2
Py E, F, 1 H, Kx

(1)
* * *
{sz} _ [As s Dg s] {‘ xz}
= * * *
Ryz Dss Fssl leyz
It should be noted that the coefficients A, ,, B, |, etc. in Eq. (1) account for the

. el h 110
Poisson effect or y-direction strains. '

'Currently at EGS, Inc., Detroit, Ml
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RESULTS AND DISCUSSIONS

A finite element beam model, with the in-plane displacement (u), transverse displa-

cement (w), bending slope (dw/dx), and normal rotation (¢) as the nodal variables, is
developed based on Eq. (1). The details of the finite element formulation can be seen from
reference [4]. Table I shows the non-dime=sional frequencies of symmetrically layered
cross-ply and angle-ply beams. It is noted that the cross-ply results are in good agreement
with the exact solutions presented in [2]. However, the angle-ply results deviate signifi-
cantly from the exact solui.ons. This is due to the fact that the laminated beam theory
considered in [2] neglects the Poisson effect. Table II shows the effect of ply orientation on
the first five natural frequencies. Of the three lamination schemes considered, the cross-ply
beam exhibits the highest frequency.
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TABLE 1. Comparison of Natural Frequencies («.—» = L2 I p/E h?) of

Symmetrically Laminated Beam (E, = 144.80 GPa, E, =
9.65 GPa, G,, = 3.45 GPa, G,, = G,, = 4.14 GPa, »,, =
0.3, p = 1389.23 kg/m®, L/h = 15)
{0/90/90/0] [45/-45/~45/45)
Boundary FSDT Present FSDT Present
Conditions|Exact (2]| HSDT |Exact [2]| HSDT
SS 2.4978 2.5023] 1.5368 0.8295
cC 4.6602 4.5940] 3.1843 1.8472
Cs 3.5446 3.5254] 2.3032 1.2855
CF 0.9231 0.9241] 0.5551 0.2965
TABLE 2. Effect of Ply Orientation on the Non-Dimensional

Frequencies (w) of an Unsymmetric Clamped-Clamp~d Beam

Mode No.|(0/90/0/90]|(45/-45/45/-45]](30/50/30/50)
1 3.7244 1.9807 2.2526
2 8.9275 5.2165 5.8624
3 15.3408 9.6912 10.7609
4 22.3940 10.5345 11.9506
5 24.3155 15.0981 16.5747
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FLEXURAL BEHAVIOUR OF TAPERED LAMINATED GRAPHITE/EPOXY BEAMS

S.C.YEN and P.GOPAL
Department of Civil Engineering and Mechanics
Southern Illinois University
Carbondale, IL-62901

The creation of contours is a very important aspect in
laminated composite structural fabrication, not only because
of the strength and stiffness design parameters, but also
because of the need to meet the demands of certain
non-struct -ral aspects like aerodynamics. Ply termination at
appropriate spots, appears to be an easy and simple method
to achieve the contours in structural composites. It is
obvious that ply termination will give rise to a change in
laminate thickness. In addition to this, ply termination can
result in a region of stress concentration.

As part of this research, two basic types of tapered
laminates were fabricated, namely the externally stepped
laminate (E.S.T.L) and the internally stepped laminate
(I.5.T7.L). A variation of the I.S.T.L, hereby referred to as
the S.I.S.T.L was also studied. A sketch of these laminates
is shown in fig.l1. The essential difference between the

E.S.T.L and I.S.T.L lies in the lay-up of the terminated
plies.

Graphite/Epoxy tape (T300/934) was used to fabricate all the
specimens. A compression molding procedure was also adopted
for curing, with suitable modifications to the mold. Only
symmetric cross-ply lay-up was used in the above mentioned
three categories of tapered laminates. This was done to keep
the material usage and lay-up, the same in a given set of
specimens, irrespective of the type of ply termination. The
laminates were fabricated with taper angles of 1°© and 2°.
Microscopic observation and three-point bend tests were
carried out to evaluate and compare the three categories of
tapered laminated beams.

Three~-point bending test results showed that the stiffness
of corresponding specimens of the three categories were
practically the same. However, the mode of failure of the
E.S.T.L was found to be that of step by step delamination
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while the I.S.T.L and S.I.S.T.L failed by the tensile mode.
A photograph of a delaminated E.S.T.L beam is shown in fig.
2. The I.8.T.L beams, withstood loads of the order of 2.5
times higher than that taken up by the corresponding E.S.T.L
beams. The theoretical bending deflection and normal
strains, predicted using the laminated beam theory, agreed
reasonably well with the experimental results. Figs.3 and 4
show typical variations of experimental and theoretical

deflections and normal strains at various cross-sections of
the tapered beam.
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THE EFFECT OF DELAMINATIONS ON THE
VIBRATIONAL CHARACTERISTICS OF COMPOSITE BEAMS

K. Bhalla, D. J. Jennings and R. H. Lance, Department of Theoretical
and Applied Mechanics, Kimball Hall, Cornell University, Ithaca NY
14850

Laminated composite materials are used widely in light-weight,
high-strength structures. Such materials, however, are particularly
vulnerable to in-service damage in the form of delaminations.
Delaminations can also be present as a result of improper fabrication
procedures. Delaminations can clearly affect the integrity of the
structure in which they occur and must thus be detected when it is
suspected that they exist.

The zones of delamination that lie on or near the surface of a
laminate are generally visible and thus can be easily detected by
eye. Internal delaminations, on the other hand, are usually invisible
and must be found by other, preferably non-destructive, methods.

Our research, which consisted of an analytical phase and an
experimental phase, has been directed at the quantitative
characterization of the effect of delaminations on the dynamic
characteristics of model beams. Our overall intent was to develop a
reliable, non-destructive method for determining the location and
extent of delaminations in beam, plate and shell structures. The
method proposed here is based on the changes of mode shapes and
frequencies induced in beams by built-in delaminations.

In the experimental phase of our work, we studied the
vibrational characteristics of cantilever beams made from sheets of
Polymethyl Methacrilate (PMMA). This material was chosen becausc
it is easy to fabricate beams from it with controllable zones of
delamination. ~ Specifically, we built beams with thickness-to-width-
to-length ratios approximately 1:4:10, with two classes of
delamination. The beams were built by partially gluing together two
layers of PMMA. Figure 1 is a sketch of a typical experimental beam.
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If the two layers of PMMA from which the beam was fabricated
were of equal thickness, we called the delamination "symmetric;" if
they were unequal the delamination was called "unsymmetric." We
built beams with both symmetric and unsymmetric delaminations,
and with a variety of lengths of delamination, and measured their
vibrational characteristics, including the mode shapes and
frequencies of vibration of the first three modes of vibration, with
conventional vibration-measuring devices.

In the analytical phase of our study, we calculated the
frequencies and the mode shapes of delaminated beams using two
different models. For beams with symmetric delaminations, we
found that a simple "split beam" model predicted the experimental
behavior with sufficient accuracy. A split beam model is one in
which a "reduced bending rigidity" is used in the delaminated
portion of the beam. The reduced bending rigidity is calculated by
assuming that the delaminated portion of the beam is two identical,
half-thickness beams, compared to the undelaminated portion of the
beam.

The predictions of the vibrational frequencies for
unsymmetrically delaminated beams using the reduced bending
rigidity model were unsatisfactory. We thus have developed a new
method for analyzing such beams that accounts for longitudinal
inertia of the beams undergoing vibration. We believe this is the
first time such a model has been proposed. The predicted
frequencies of unsymmetric beams, using this model, are quite close
to the experimcatally measured ones.

Thus, we are able to demonstrate that there is a close
correlation between delaminations in a beams and their vibrational
behavior. We believe this is a mechanically sound basis for further
studies in this area leading to a reliable method for non-
destructively testing structures made of composite materials to
determine whether delaminations are present, and the extent and
location of such delaminations.
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High Spced Fracture Bechavior of Glass-Cloth/Epoxy Composite

Kensuke Ichinose
Dept. of Mechanical Englneering, Tokyo Denkl Unilversity,
Kanda-nishikicyo 2-2, Chiyodaku, 101 Tokyo JAPAN

Goro Suzuki
Dept. of Mechanical Engineering, Tokyo Denkl University,
Kanda-nishikicyo 2-2, Chiyodaku, 101 Tokyo JAPAN

Teruo Kaneda
Dept. of Electronic Engineering, Tokyo Denki University,
Kanda-nishikicyo 2-2, Chiyodaku, 101 Tokyo JAPAN

INTRODUCT1ON

Usually, pendulum-type or Charpy impact testing machine Is used for the
impact fracture tests. lowever, it i1s difficult to apply the constant loading
speed to the specimens by these testing machines.

In this research, the electro-hydraulic high speed impact testing ma-
chine was developed, which could apply tensile load to the specimens with the
speced of 0.1 - 10.0m/s.[1] Iligh speed fracture tests of the glass-cloth/epoxy
laminated composite material ( standard compact specimens ) were carried out
by using this impact testing machine. The fracture process was observed by a
high speed image converter camera. The influences of the loading speed on the
maximum load and the absorbed energy were investigated.

TESTING MACHINE AND SPECIMEN

The developed high speed testing machine is shown in Fig. 1. This
machine is controlled by an electro-hydraulic feed-back servo system, and it
is possible to pull specimens at a given speed in the range from 0.1 to
10.0m/s. Pressurized oil of 200kgf/cm® is saved in the large accumulator (3).
This high pressure oil is controlled by the servo-valve (2}, and the actualor
(1) is driven. The outpul voltage of the stroke sensor {7) [s controlled as a
feed-back signal. Applied force is measured by the load cell (8). 1In the
case of the faster pull loading more than 7.0m/s, the speed was too fast to
measure the force because of the stress wave reflection from the end of the
load cell and the testing machlne. Photographs during loadlng7were taken by
the Image converter camera; its shulter speed could be up to 10’ frame/s.

Figure 2 shows the shapc and dimensions of tested CT specimen. The
specimens were made of the glass-cloth/epoxy laminated composite plate and the
notch tip was machined carefully with a special tool. The direction of the
horizontal fiber of the composite fs the same as ithe direction of the machincd
notch as shown In Fig.2. The notch tip radius is 0.1lmm.

EXPERIMENTAL RESULTS
Figure 3 shows the photographs of the surface of CT specimens during the
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loading. The shutter speed was 0.1ms. The maximum load was applied at the
time of N¢.6 photogrenh in Fig. 3(a), and No.2 1in Fig. 3(b). The effects of
the loading speed on the maximum load and absorbed energy are shown in Table
1. From thesc results, the maximum load increases as the loading speed becomes
faster. However, the amount of the absorbed energy decreases as the loading
speed Increases.

CONCLUSIONS

The electro-hydraulic high speed impact testing machine was developed.
High speed fracture tests of the glass-cloth/epoxy laminated composite materi-
al (standard compact specimens) were carried out by using this testing
machine. The effects of the loading speed on the maximum failure load and
absorbed energy were investigated.

REFERENCES Table 1 The influence of the lcading speed
(1) K. Ichinose, G. Suzuki and on the me. .aum load and absorbed energy.
T. Kaneda, Journal of Material

Testing Researc.. Associatlicn of loading speed(@'s) | 1 3 5 T

Japan, Vol.36, No.l, pp.35-42 maximum load (t) | 0.811{ 0.913| 1.154] 1.213] (0.954)
(1991) (in Japanese)

absorbed energy(J) | 0,187 [ 0.174| 0.167| 0.197| (0.277)
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Fig. 1 Schematic figure of high speed Fig. 2 Size and shape of GFRP
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Fig. 3 The photographs of specimens during the loading.
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DYNAMIC RESPONSE OF MULTILAYER BEAMS CONTAINING
POROELASTIC ELEMENTS

Akihiro Okuno
Mazda Motor Corporation,
Yokohama, Japan

Herbert B. Kingsbury
Department of Mechanical Engineering
University of Delaware, Newark DE. 19716

This paper explores the dynamic response of multilayer beams containing fluid-filled
porous elastic solid (poroelastic) elements. Beams with polymer foam layers are examples of such
structures. Two types of multilayer beams are considered; a two layer beam consisting of a thin
metal plate to which is attached a flexible poroelastic layer, and a three layer beam with metallic
face layers and a poroelastic core. Although damping of multilayer beams containing viscoelastic
elements have been extensively studied, the authors are unaware of any investigations which
directly explore internal flow induced damping in porous layers of such structures.

The analyses employ Biot's formulation of the equations three dimensional poroelasticity
(1,2) to model the solid phase deformation and the three dimensional fluid flow in the poroelastic
layer. These equations are combined with a beam theory formulation of the other layers to derive
the systems of equations governing the motion of the structures.

The governing equations for the two layer beam are phrased in terms of two coupled
equations involving the lateral displacement and the pressure distribution in the poroelastic layer.
Series solutions are formulated which satisfy simple support beam boundary conditions and
poroelastic layer pressure boundary conditions corresponding to sealed upper and lower surfaces
with free flow at the ends and sides. The beam is center excited with a harmonically time varying
force.

These solutions yield a complex frequency response function which is the ratio of center
beam displacement to exciting force ( the complex admittance). This frequency response function
contains expressions which may be interpreted as complex moduli in bending and extension of the

poroelastic layer. From these, expressions for the frequencies, Q , at which the energy dissipation
is maximum and the values of the loss moduli K" at these frequencies are obtained.

*2
Bending: Q. =106 nh2:4 K" = 0.40 «*M
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%2
Extension: 0 =10285M k=041 a2M
s

M and o are porr=lastic material constants (Ref. 2), n* the porosity, b the resistivity. and n
the beam mode number. h is the layer thickness and 1 and d the beam length and width.

Sample calculations for an aluminum beam with polyurethane foam-air systemshow that the
unconstrained poroelastic layer contributes only a small amount of damping to the system.

The three layer beam consists of a flexible poroelastic core combined with relatively stiff
and heavy facing layers. The model assumes that thickness change, rather than beam bending, is
the primary mode of core deformation so that as the entire structure deforms, the upper face acts as
a seismic mass for the core layzr. During deformation, fluid flows within the core layer as well as
across its side and end faces. A system of three coupled equations are derived which govern the
lateral bending displacements of the two face layers and the: pressure distribution in the core. A
solution to these equations is obtained for the case of a free-free beam excited by a harmonically
time varying force applied :c the center of the lower face. Again, series solutions satisfying the
appropriate boundary conditions are assumed for each of the variables leading to n expression for
the complex ratio of lower layer center beam displacement to driving point force. This complex
frequency response function contains an expression for a coriplex modulus resulting from the
fluid-solic interaction in the poroelastic layer.

*
Q =390%5M K" = 0.41 o2M
e ™7 ¢

In order to obtain maximum energy dissipation in the system, it is necessary to adjust the
system parameters so that both the frequency of maximum fluid damping and the core thickness
change resonant frequency equal the excitation frequency. Numerical examples show the major
faciors affecting the system damping characteristics. These factors include the stiffness and mass
of the face plate, and the resistivity of the core layer. Driving point admittance frequency response
curves for several combinations of face and core properties corroborate the predictions of the
analysis that core damping is maximized by tuning the core thickness resonance mode and the
maximum poroelastic damping frequency to the exciting frequency. Finally, in comrast to the two
layer system, the three layer system provides substantial energy dissipation hecause of more
effective deformation of the core layer.
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DISSIPATION OF MECHANICAL POWER IN THERMOPLASTIC
UNIDIRECTIONAL COMPOSITES - EQUIVALENT ISOTROPIC MATERIAL

L.T.Georgiou and C.T.Sun
School of Aeronautics and Astronautics, Purdue University
West Laf:.yette, Indiana 47906

The class of thermodynamically simple continuous solids that deform elastically and
inctastically(plas:icity, viscosity) dissipz-¢ part of the meclanical power that the environment
exerts on them. Irreversible thermodyr :mics [1] defines the rate of the internal dissipation
density & to be the difference between 1:¢ densities of the least upper bound of the heating and
the heating itself. In [1] it is shown that & is identical to the Fréchet-derivative of the free energy
which is a function of the histories of strain g; and temperature T. & is not only a scalar
functional of the history of (g;;, T) but also a scalar function defined over the group of material
symmeiries. For instance, if the group of material symmetry is identical to the group of
orthogonal unimodular tensors, then d is an isotropic scalar functicn [2]. In this paver we are
interested in the functional form of & when the group of material symmetry 1s orthotropic.

For orthotropic material symmetry, 8 must be a scalar function of the invariants of the tensor
ejj( or o} ) and of the Euler angles \; orientating the orthogonal cocrdinate system (to which all
tensors are referred to) to a reference orthogonal coordinate system coincident with the axes of
material symmetry:

8=8(€%j, Tl; Wi)=6(E%o T(; \VI) ’ ivj= ]-2v3 (l)
g =g;t—-s); 0<s<eo, tisthetime ()
where E} are the invariants of the history of &;j. In what follows we suppress the dependence of &

onT.

We claim that there exists a nonsingular linear orthotropic transformation A;, that
transforms the space of symmetric tensors to itself such that 6 becomes an isotropic scalar
function of the transformed tensors, thereby justifying the introduction of the term equivalent
isotropic material.

For §pe.ciﬁcd sinusoid.al stress oy; ( of frequency ® ) about a mg_@_\sg;?ﬁ_ oﬁ”. the argument
of the dissipated mechanical work ( over a cycle ) 5. becomes ( Acf}", 0;,9), ® ) provided that

the material exhibits smooth memory[3). Ao ( Ac{? = Ac;; ) are the amplitudes of the time
derivatives of the ransformed stress gj;:

Gf,k) =Aijmn0991 » Lpman=123, k=0,1,2,...; o5= ofj’) + (Acy;)cos(@t) (3)

In the transformed stress space 8; becomes a function only of the invariants ( AI{¥, 1090 of the
corresponding transformed tensors in the argument of 3.
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We have verified experimentally that the transformation A;i,, exists: Off-axis specimens of
AS4/PEEK thermoplastic composite were subjested to sinusoid’;i“ stress and O, was measured as
a function of Acg ( amplitude of the applied uniaxial stress). For plane stress, only the restriction
of Ajjma to the 3-D Euclidean space is involved. Its existence is equivalent to the requircment
that the transformation Ajjn corresponds the graphs of the experimentally obtained set of

functions ( 8. (Adgg, @), 8.(AGs, @), 8.(AGqg, @), @=10m, 20x, 307, 50w, 60 (—r?s—‘l) ) to

the graph of an isotropic scalar function d;.(Acj, ) defined over the transformed stress
space(Fig.1). We have developed a method that uses experimental data to verify that such a
correspondence exists, thereby determining numerical values of the restriction of Ajjmy,. For the
tested thermoplastic fiber composite, this isotropic function turns out to be a function only of the
second invariant of Ac;;. When transformed by the inverse transformation Ag,‘,m, d;c predicts the
mechanical power dissipated in any off-axis uniaxial specimen. In Fig. 2, the predicted 9§ is
compared to the one obtained experimentally, the agreement being exceptional. Moreover,
because the anisotropy of the dissipative properties of the material has been eliminated, we say
that the original orthotropic 'naterial has beer replaced by an equivalent isotropic one. Indeed,
there exists an off-axis specimen of fiber orientation 8° endowed with the dissipative properties
of the equivalent isotropic ma:erial.
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IMPROVED MODEL FOR ANALYZING STRESS DISTRIBUTION FOR
COMPOSITE LAMINATES WITH CENTRAL HOLE *

Stanley N. Ihekweazu
Department of Mechanical Engineering Technology
South Carolina State College, Orangeburg, SC 29117

Introduction

Whitney and Nuismer2 investigated the "Uniaxial Failure of Composite Laminates
Containing Stress Concentrations". Their investigations were based on what is
known as the hole size effect, that is, for tension specimen containing various
sized holes, larger holes cause greater strength reduction than do small holes.
Their explanation of the hole effect 1s based on the concept that the normal
stress distribution from a uniform stress state is considerably more concen-
trated near the hole boundary in the case of a small hole. They developed

two criteria for the strength of notched composite materials. The first
criterion is based on the stress at a point a fixed distance away from the
notch and referred to as the point stress criteria (psc). The second cri-
terion is based on the average stress over some fixed distznce ahead of the
hole, referred to as the average stress criterion (ASC).

The Whitney and Nuismer PSC was initially used to analyze the stress distri-
bution of three types of composite laminates containing circular holes or an
edge notch. The prepreg material of the laminates were obtained from the
Fiberite corporation.

Thekweazu and Pendleton revealed some limitations with Whitney and Nusimer
PSC, noting, that although their PSC in its basic form is good for analyzing
specific laminates, it needed to be modified in order to be a general model.

This paper presents an improved or versatible model for analyzing stress dis-
tribution for composite laminates with central hole.

EXPERIMENTAL
The materials tested are:

MXM =~ 7714/120 A fabric prepreg consisting of woven kevlar 49 reinforce-
impregnated with fiberite 250 F curing 7714 epoxy resin. (Materiall)

HMF -~ 2448Ale 250 F curing epoxy resin impregnated graphite fabric.
(Material 2)

HYE - 24481E 250 F curing epoxy resin impregnated unidirectional graphite
tape. (Material 3)

Specimen were fabricated according to ASTM standard D 3039. Principal
material Hookian constants were provided by Fiberite.

*Paper shortened by the editors




Experiment was conducted to verify the values provided by Fiberite. Results
are shown on table 1. Additional specimen were made for determining stress
distribution near a central hole for a composite material in pure tension.

TABLE 1. Summary of the Material Properties of the 3 Materials at Room

Temperature
MATERIAL STACKING NO. OF
TYPE SEQ. LAYERS El E2 V12 V21 G12  SULT
MXM-7714/120  FABRIC 10 3.86 3.8 .33 .33 .143¢ 63
KEVLAR 49 UNIDIRECT- x10 x10 x10” Ksi
FABRIC IONAL Psi Psi Psi
HYE-2448AIE UNIDIRECT- 10 19.89 1.86 .28 025 .8, 206
GRA. UNI. DIR. IONAL x106  xl0 x10° Psi
TAPE TAPE Psi Psi Psi
GRAPHITE UNIDIRET- x10°  x10 x10° Ksi
FABRIC IONAL Psi  Psi Psi

TABLE 2. Comparison of Stresses Using Whitney-Nuismer' Point Stress Criteria
With Stresses Obtained for Experiment.

Error
MATERIAL Ge (KS1) (Ksi) Ge - Ge:Q % Error
exp & exp
HYE2448A/E 89.041 82.545 .0790 7.9
MXM7714/120 49,853 20,064 1.4847 147.47
HMF322/74B 56,107 26,800 1,09355 109,35

TABLE 3. Comparison of Stresses Using the Modified Whitney-Nuismers' Point
Stress Criteria with Stresses Obtained from Experiment.

Error

MATERIAL ACe(ksi) § (KS1) ‘e Sexp % Error
exp
dexp
HYE2448A/E  (3) 89.041 82.545 ,0790 7.9
MXM7714/120 (1) 26.428 20,064 0.2175 21.75
HMF322/74B  (2) 26.931 26,800 0.0049 0.49
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VIBRATION OF UNIDIRECTIONAL FIBER -~ REINFORCED PLANAR
FRAME STRUCTURES

*
OADEL RNB ROAFNT
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In this research work , theoretical and experimental
techniaues have been used to determine the natural
frequencties and natural modes of unidirectional fiber rein
torced planar frame structures. Finite element techniques
3¢5 been applied to construct the mass and stiffness
matrices for large structures and degrees of freedom .
Jacobi s methond provides a convenient scheme to compute all
eigenvalues and eigenvectors 1n case of svmmetric real
structyral matrires . A romprehensaive computer proaram has
heen eatablished to compute eigenvalues and eirgenvectors tor
a general tiber reinforced composite structure with
different design parameter such as concenterated mass , mass
moment ot Jnertia and concenterated spring at any selected
boundary condition., A Graphical program has been used to
draw the selected eigenmodes . Experimental work has been
carried out to measure eilgen frequencies and striacture loes
factor of unidirectional fiber reintorced planar frame
strurturesz. Finally a comparison between experimental and
numeriral results have heen presented.
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On the Mechanics of Materials Susceptible to Cold Drawing, Bemard D. Coleman and
Daniel C. Newman, College of Engineering, Rutgers University, Piscataway, New Jersey
08855-0909, U.S.A.

A procedure is presented for deriving constitutive equations for fibers and film
strips of viscoelastic simple materials with long-range gradually fading memory undergoing
non-homogeneous stretching. The derived formulae for the tension T per unit area can be
viewed as constitutive equations for unidimensional bodies composed of non-simple
materials for which gradients of strain influence 7. From the point of view of the theory of
ihree-dimensional bodies, the formulae are valid to within an error O(D“) in the sample
thickness D. The present theory extends to materials with viscoelastic memory previous
work on the mechanics of neck formation and cold drawing in elastic materials [Arch.
Rational Mech. Anal. 83, 115-137 (1983); J. Polym. Sci. B, Polym. Phys. 26, 1801-
1822 (1988)] and materials with viscous stresses [Comp. Math. Appls. 11, 35-65 (1985)].
Material response for various types of histories is discussed and the derived constitutive
equation for T is shown to be consistent with thermodynamical principles. The theory has
been employed to calculate the creep response of fibers under static loads. Numerical
solutions of the evolution equation for the (unidimensional) strain field show that for an
appropriate class of (three-dimensional) constitutive functionals of the BKZ type there is a
range of applied loads for which an initially homogeneous deformation evolves into a well
defined neck whose edges advance at high speed along the fiber and in so doing transform
moderately stretched material into highly stretched (i.e., drawn) material. The calculated
fiber profiles and the predicted dynamics of neck formation and growth are in good accord
with experimental observations of materials susceptible to cold drawing. A description is
given of the circumstances under which one can use instantaneous (i.e., high-speed)
response functions to calculate fiber profiles in rapidly growing necks.
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Stability and Localization in Thermo-Plasticity:
A Variational Approach

REZA MALEK-MADANI
DEPT. OF MATHEMATICS
UNITED STATES NAVAL ACADEMY
AnnNaPoOLIs, MD 21402-5002

The system of partial differential equations

PUt = Op,

(1)

pely = Al + ko,
complimented with the constitutive law
(2) o =8(0,v;)

models simple shearing of a thermo-plastic material. In (1) p is the density, ¢ is the specific heat
and A is the thermal conductivity of the material. We are interested in the asymptotic behavior of
solutions (1)-(2) once initial and boundary conditions are specified. OQur primary result concerns
the stability of steady-state solutions of (1)-(2) when either stress or velocity boundary conditions
are specified at z = £1. We will first cast the above system in a variational form and classify
all constitutive laws for which the right-hand side of (1) is the Euler-Lagrange equations of an
appropriate Lagrangian. For this class of nonlinearii.2s we are¢ able to distinguish all steady-state
solutions that are minimizers of the nonlinear Lagrangian. Si.  the Lagrangian defines a Lyapunov
functional for the dynamical system (1), these minimizers become nonlinearly stable as solutions
of (1) once one proves a global existence theorem for (1).

We show that the right-hand side of (1) are the Euler-Lagrange equations for the functional
1
I(8,v,,00) = / [% e 8. + 2(8,v;) — 0o v;] dz,
-1
v(-1)=0, 8(-1)=6(1)=0,
if and only if ¢ depends on 6 and v, in the form
(4) 5(6,v:) = e *g(e”*v,),

where & = ¥'. The advantage of this variational formulation is that the stability analysis of the
steady-state sohttions are given a unified treatment in both cases of velocity and stress houndary
conditions (cf. Maddocks & Malek-Madani [1991] for details). Specifically we prove the following
results:

(3)

a) For the case of stress boundary conditions, there is a critical value of gy above which there
are no steady-state solutions. Below this value of o, there are in general a multiplicity of solutions.
The number of such solutions depends on the growth nature of ¢ in (4) and examples exist that
demonstrate multiple folds in the bifurcation diagram. When the bifurcation diagram is drawn in
the preferred coordinate system of (g9, —1,,), the general theory of Maddocks (1987) is used to
deduce the stability of extremals of (3) from the geometry of the bifurcation diagram. In particular.
the principle of exchange of energy is shown to hold.

b) In the case of velocity boundary conditions, we show that there is a unique steady-state
solution for each v, and that this solution is a minimizer of (3).
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Title & Abstract

On the Formation of Shear Bands at High Strain Rates

One of the most striking manifestations of instability in solid mechanics is
the localization of shear strain into narrow bands during high speed, plastic de-
formations of metals. According to one theory, the formation of shear bands is
attributed to effective strain-softening response, which results at high strain rates
as the combined outcome of the influence of thermal goftening on the, normally,
strain-hardening response of metals. Qur objective is to review somc of the insight
offered by nonlineer analysis techniques on simple models of nonlinear partial differ-
ential equations simulating this scenario for instability. First, we take up a simple
system, intended as a paradigm, that describes isothermal shear deforiuations of
a material exhibiting strain softening and strain-rate sensitivity. As it turns out,
for modcrate amounts of strain softening, strain-rate sensitivity excrts a dissipative
effect and stabilizes the motion. However, once a threshold is exceeded, the re-
sponse becomes unstable and shear strain localization can occur, Next, we present
extensions of these results to situations where explicit thermal effects, through the
energy cquation, are taken into account.
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The Phenomenon of Shear Strain Localization in
Dynamic Viscoplasticity

By
T. G. Shawki

Department of Theoretical and Applied Mechanics
University of Illinois at Urbana-Champaign
Urbarna, Iilinois 61801

Abstract

This article presents a state—of-the—art review concerning the analysis of shear flow local-
izavion during high rates of deformation of thermal viscoplastic materials. An overview of several
efforts towards an improved understanding of shear band formation is given. Such efforts include
the analysis of the pre—~localization as well as the post-localization regimes while they implement a
variety of techniques: (i) nonlinear a priori estimates, (ii) linear stability theory, (iii) exact solutions
and (iv) numerical analysis. This presentation aims at extracting a unified framework towards the
analysis of shear band formation for the considered class of deformations. Furthermore, we present
a number of rigorous exact solutions for the one~dimensional simple shearing deformation of a
general class of thermal viscoplastic materials. These solutions are used as a benchmark for the
validity of both analytical and computational procedures. The interactive roles of inertia, rate-sen-
sitivity, heat conduction, perturbation geomewy, boundary conditions, thermal softening, strain
hardening and constitutive description as regards the initiation and further intensification of flow
localization are thoroughly addressed. We also examine the delicate questions concerning the no-
tion of shear localization and the related mathematical characterization, length and time scales as

well as the connection between localization and the toss of load -carrying capacity. Finally, we ex-
amine possible directions of future research.
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NONHOMOGENEOUS DEFORMATIONS OF A NONLINEAR ELASTIC MATERIAL
UNDERGOING MICROSTRUCTURAL CHANGES

Alan Wineman and Hugh E. Huntley, Department of Mechanical
Engineering and Applied Mechanics, University of Michigan,
Ann Arbor, Michigan 48109

An assumption which is intrinsically incorporated in the constitutive equation for
nonlinea: elasticity is that stress arises due to a single microstructural mechanism, namely
macromolecular reconfigurations. Recently, a constitutive equation has been introduced for
rubbery materials that accounts for change in the microstructural mechanism as deformation
progresses. The underlying constitutive assumption is that, during each increment of
deformation, a portion of the original material is transformed into a new material with a
new microstructural mechanism for generating stress. At each state of deformation, the
current material consists of the untransformed portion of the original material and the newly
formed material. The total stress is the superposition of the stress in the remainder of the
original material, which is determined by its deformation from its initial configuration, and
the stress in the newly formed portions, each of which is determined by its deformation
from the configuration at which it formed.

In this talk, we present a number of examples which illustrate the interaction of the
microstructural changes and nonhomogeneous deformations. These include the
determination of regions containing the original and modified material as loading increases,
the effects of the new response micromechanism on structural response, the influence of
the amount of conversion of original material to new material, and the development of
residual stresses and deformation on removal of load.
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ULTRASONIC MEASUREMENT OF STRESS IN
WEAKLY ANISOTROPIC THIN SHEETS

CHI-SING MAN
Department of Mathematics, University of Kentucky, Lexington, KY 40506

WEI-YANG Lu, QUN Gu, & WENLIANG TANG
Department of Engineering Mechanics, University of Kentucky, Lexington, KY 40506

A membrane theory is developed for measurement of stress in weakly anisotropic thin
sheets. The thin sheets are modelled as prestressed planar membranes, and the applica-
tion of horizontally polarized quasishear waves (which correspond to the SHjp mode in a
plate theory) in stress evaluation is studied. The theory presented here would be valid so
long as the superimposed small amplitude stress waves could be taken as hyperelastic. ir-
respective of the origin of the prestress and the thermomechanical history of the specimen
in question. In particular it should be applicable to thin metal sheets that have undergone
plastic deformations and/or thermomechanical processes such as welding or anncaling. To
examine the validity of the preceding assertion, a series of experiments were performed
on thin aluminum sheets, each of which had undergone inhomogeneous plastic deforma-
tions. By using a probe that consisted of three electromagnetic acoustic transducers (one
transmitter, and twe receivers separated by a rigid spacer of 30 m), velocities of hori-
zontally polarized quasishcar waves were measured, for various orientations of the probe
and at various places of cach sample sheet, by cross-correlation of signals picked up by
the two recetvers. There were indications that the present. theory and measurement sys
tem delivered at cach place a good estimate of the local principal surface-stress directions
and difference in principal surface stresses. Some of the samples were annealed after the
aforementioned experiments were completed. By using the same probe measurements of
stress were repeated for the annealed samples. These measurements showed that residual
stresses were relieved by the annealing.
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LARGE CYCLIC DEFORMATIONS OF VISCOELASTIC

RUBBERLIKE MATERTALS

Arthur R. Johnson

Army Materials Technology Laboratory
Watertown, MA 02172-0001

Donald L. Cox* and Laurent C. Bissonnette®*
Naval Underwater Systems Center

ABSTRACT

Load-displacement data for large deformations of rubberlike materials
typically indicate the presence of viscous and plastic-like effects. 1In
some applications involving cyelic 1loads repeatable stress-strain
hysteresis loops are observed. A stress analysis for these cyclic loads
requires the use of finite deformation viscoelastic models. In this effort
a recently developed viscohyperelastic Maxwell model is reviewed and used
to analyze large cyclic deformations. Previous models based on uniaxial
data are extended to include biaxial (flat membrane spherical inflation)
data. The model consists of a hyperelastic solid in parallel with
viscohyperelastic "fluid-solids". The hyperelastic solid's constitutive
equation is determined by fitting relaxed stress-stretch ratio data to
constrained forms of a Rivlin expansion. Requirements for material
stability are discussed. The flow laws and constitutive equations for the
internal fluid-solids are developed from "quick pull" stress relaxation
tests. Nonlinear one-dimensional computational models are used to generate
numerical data demonstrating a range of material behavior for which the
method can be wused., An axisymmetric finite element algorithm which
implements the viscohyperelastic theory is reviewed. The algorithm uses a
penalty method to enforce incompressibility and requires the integration of
a system of first order nonlinear differential equations. Cyclic inflation
and deflation deformations of axisymmetric viscous rubberlike solids are
computed. The advantages and disadvantages of the computational scheme are
discussed.

*  New London, CT.
*% Newport, RI.
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ON CONTACT BOUNDARY VALUE PROBLEMS FOR CONSTRAINED MATERIALS

Roberta SBURLATI
Istituto di Scienza delle Costruzioni, Universita di Genova
Via Montallegro, 1 - 16145 Genova - Italy

In classical problems of linear clasticity the assigned boundary values (e.g. the dis-
placement field u or the traction field S(n) = s) are constrained only by regularity
requirements.

The situation is completely different when one considers internal constrained ma-
terial; actually, one cannot freely assign both the boundary values and a functional
restriction on the problem; if one considers an incompressibie material. for instance,
the displacement field u have to be chosen in such a way that the deformed material
will preserve the total volume.

Various contributions are present in the literature; in [1] Rostamian obtains a set
of necessary conditions for the existence of the elastic solution. These conditions are
found by utilizing functional analysis techniques in the case of mixed boundary values
problem; more precisely, it is supposed that the elastic body  admits a boundary dQ
which can be regarded as the disjoint union of two regions 9,2 and & such that the
displacement field u is assigned in the first region while the traction field s is assigned
in the second one.

The aim of the present work is to generalize the result obtained by Rostamian to the
so called contact problem. More precisely we suppose that 8 = §,QU & U 5,9 and
O0AN{HA =0, 0NN =0, 3NN HN = @; moreover the following requirements
are assumed:

u=u" ond3
s=s" on &N
(u-n)n=u" on &N

s—n(n-s)=s" on 3N

(i.1)

The field u* and s* are to be regarded as the prescribed surface displacement and
traction fields.

Rostainian observes that by considering the elastic problem in terms of stress one can
study constrained probleirs on the same line of reasoning of ordinary problems since
all the new information is described by means of a suitable choice of the compliance
tensor. More precisely, in the case of constrained problems the compliance tensor K is
not invertible and the formulation in terms of the displacement field is not cquivalent.
On the contrary, when no internal constraints is present K admits the inverse elasticity
tensor C and the two formulations are equivalent.

A internal constraint is described by a relation like:

¢-Vu=0
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where c¢ is called the constraint matrix [2]. One can show that this matrix belongs to
the so called null space of K . K(¢) = 0.
Our constrained elastic problem is so formulated: we have to find the clastic state
[u, E, S] satisfying the following cquations:
[ divS =f inQ
E=K(S) inQ
u=u* ondN .
] . (1.2)
Sn =s in 30
(u-n)n=u" ondN
| s—n(n-s)=s* ondQ

where f denotes the body force field.

In the present note we use the same functional assumption of {11: for this reason we
suppose that the reader would have previously read this work.

Our main result is contained in the following theorem:

Theorem. A necessary condition for the existence of solution of the elastic problem
(1.1) is given by the following requirement on the displacement field:

/ u*-S'(n)dA=0 (1.3)
aN
for all the stress fields S' which verify the following relations:

divS' =0

K(S') =0 (1.4)

S'(n)=0 on &NUGN

Proof. Assume that (S, u) is an elastic solution of the problem. Consider the equation
which is a simple consequence of the Green formula:

0=/K(S')-Sdaz =‘/S'-Ed3:c
Q )
=/ S’(n)-udA—/div S.u (1.5)
an )

= S'(n)-u'dA + / S'(n)-udA + $'(n) - ud4
8,0 8,9 8,0

The term divS' vanish in view of our assumption (1.4a) and the last two terms in view
of equation (1.4c).

In a next work we shall study a further generalization to the generalized boundary
value probler also by taking into account the recent paper of D.N. Arnold and R.S. Falk
{3] in which the authors find necessary and sufficient conditions for the well-posedness
of constrained elastic problems.
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WAVES IN COUPLED NON—LINEAR THERMOELASTIC SOLIDS

M.C. SINGH, Professor
D.V.D. TRAN, Graduate Student
Department of Mechanical Engineering
The University of Calgary, Calgary, Alberta, Canada T2N 1N4

INTRODUCTION

The litecratures on the investigation of wave propagation in linear
thermoelastic materials is vast and can be viewed in the survey work of
Chandrasekharaiah [1]. However, the work on non-linear thermoelastic waves is
rarely seen in the literature. The linearized theory can not express the real
behaviour of materials which have been proved to disobey the Hooke's law even
under small deformations [2]. Recently, Singh and Tran [3] investigated waves
in non-linear non—conducting thermoelastic materials. In this paper, the
basic equations for uniaxial wave motion in a coupled non-linear
thermoelastic material are presented and analysis of temperature response
along a cast iron rod subject to a constant velocity impact is given. The
study also includes stress, velocity, temperature and heat flux responses of
different non-linear thermoelastic materials under various impact loadings.

BASIC EQUATIONS AND JUMP CONDITIONS
Consider a uniaxial thin semi—infinite non-linear coupled thermoelastic

rod which is assumed to be initially at rest and at reference temperature To.

The modified Fourier's law of heat conduction is employed to consider the
finite speed of thermal wave. Wave propagation in such a rod can be
represented by the following basic equations:

[ T —3— =0 equation of motion , (1a)
9 iy egs .

3t compatibility equation , (1b)
T, --%f— +qg+ -%.i-— modified heat conduction , (1c)
a'l‘o gi pCa ——g—% + g: = 0 conservation of energy . (1d)

The auxiliary conditions are given as:

v(0,t) = vo , 6(0,t) =0 t>0 , (2a,b)
v(x,0) = 6(x,0) = 0(x,0) = q(x 0)=0 ; x>0 . (2¢,d,e,f)
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Jump conditions along and across the leading and lagging wave fronts are
given by the following equations:

K
fo] = - pv.[v] , [q] = tovi[e] » [a] =aT V.[0] +pC Vv.[6] , (3a,b,c)
\J
o div] , dlo] o .2 dlel , PYo'i _ .2, dla]
pVi dc T at +aT°1 (Cox vi’ at ! KaToy (007 vi) at
P, 2
o

in which the bracket [] denotes the jump, Vi {i=1,2) denote the velocities of
leading and lagging wave fronts, respectively. Values of Vi and y depend on

the local stress 0. Equations (3d) are recognized as the characteristic
conditions along the leading and lagging wave fronts.

RESULTS AND DISCUSSION

Pigure 1 represents the temperature response along the cast iron rod at
two elapsed times. The numerical computation is based or the new approach of
the characteristic method developed recently by tle authors, which is able to
locate the wave fronts as well as estimate the magnitude of jumps. It may be
noted that the temperature response along the rod 15 negative with respect to
the reference temperature, it is because the -od is subject to a tensile
impact loading condition.

o x (10~7m)
g .29 .15

x

° -

[, }

[}

e

V-Z

° t=2 t=4x10"125¢ec
-3 CAST IRON ROD (n=1.2074)

v(0,t) = -0.5 m/s ;: 6(0,t) = 0.0

-4l

Pig.1l Temperature response along a cast iy n rod.
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SHOCK WAVES IN UNIAXJAL NON—LINEAR ELASTIC SOLIDS

M.C. SINGH, Professor
D.V.D. TRAN, Graduate Student
Department of Mechanical Engineering
The University of Calgary, Calgary, Alberta, Canada T2N 1N4

INTRODUCTION

Shock waves as well as simple waves have been widely discussed in Lhe
area of gas dynamics. In solids the shock waves are studied mostly in plastie
materials subject to high velocity impact or explosions. According to Bland
{1] shock waves in elastic materials depend not only on the geometric
non-linearity but also on the nature of boundary conditions. Herein material
non-linearity of an elastic uniaxial body is considered. The nature of shock
and Lhe wave speed are found to depend not only on the material non-linearity
but also on nature of the impact. When Lhe wavelets behind the wave front
have a velocity greater than that of the wave front, they catch up with the
front, effecting the magnitude of the wave front and causing a shock. When
the wavelets behind the wave front have a velocity smaller than that of the
wave front, they do not catch up with the front, the jump at the wave front
remains constant, this is the case of a simple wave. In this study, shock
waves in uniaxial non-linear elastic materials are considered. The condition
for the occurrence of shock waves in non—linear elastic materials has been
determined and shock evolution analysed. The results are obtained by tLhe
me:thod of characteristics and compared with those obtained by a mixed f[inite
element. and finite difference technique.

BASIC EQUATIONS

Propagation of waves in a uniaxial semi—-infinite non-linear elastic rod
is represented by the following system of equations [2]:

do v : :

an P 3t equal.ion of motion , (1a)

ar _  dv U . .

3% - 3% compatibility relation , (ib)
n

v _ 9fif{ o . . . i

i 5;[(;3 ] consitutive relation . (1c)

The boundary and initial conditions are assumed .

o(x = 0,t. > 0) = oot.6 ; v(x,0) = 0(x,0) = €(x,0) =0 ; x>0 . (2a,b,c,d)




The wave speed travelling in this material is found to be:

n

- dx u 1-n .
v a -pT- a . (5)

Taking derivative of V given by equation (3) with respect to time t and
employing the prescribed boundary condition (2a), the variation of wave speed
along the Ot-axis can be express~ DOy:

n 1, 6(1-n) -
V. 8U-n) Ju 1-ml 2] 2 %)
di 2 np o :
Examining the sign of equation (4) allows us to draw some importdnt

conclusions: (i) simple waves or shock waves propagating in the medium are
dependent not only on the mechanical properties of such materials but also on
the prescribed boundary conditions, ie. values of & and n, (ii) Under a
constant impact (56=0) applied to the boundary, there are always simple waves
travelling in the material irrespective of the value of n, and (1i1i) in
linear elastic materials, ie. when n equals unity, the disturbed region must
be a simple wave region regardless of the boundary conditions.

TREATMENT OF SHOCK WAVES

In the presence of a shock wave, the shock path is independent of the
characteristic curves. The following system of equations are employed on the
basis of jump conditions for the study of shock front:

ol = -ou kvl ; v = /:‘)}E-IT i el = I(—%)nl , (5a,b.c)

du
dje s _ 2496 _ 1480 .
20 el 4 gep 2= - W% -l - (54)

where Us is the intrinsic velocity of the shock front.

The results obtained have shown that under a loading condition (6>0},
simple waves and shock waves propagate in the rubber-like material (n~1.6)
and leather—like material ( n=0.7545), respectively. The situation is
reversed when an unloading condition (8<0) is applied, ie. shock waves occur
in the rubber-like material and simple waves in the leather~like material.
The numerical simulations were processed by using the finite element and
characteristic methods, and they show a good agreement on comparing the
results. The growth of shock waves in those two materials are also studied.
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ANALYTICAL AND FINITE ELEMENT STUDY OF THE THERMAL SHOCK PROBLEM
OF A HALF-SPACE WITH VARIOUS THERMOELASTIC MODELS

Mihdly Balla, assistant professor, Technical University of Budapest
Faculty of Mechanical Engineering, Department of Technical Mechanics
H-1111 Budapest., Muegyetem rkp 5, HUNGARY

The dynamic propagation of mechanical and thermal disturbances in solids and
structures has been given considerable interest in research activities during
the last forty years. The early investigations were based on classical thermo—
elasticity theory, which allows thermal disturbances to propagate with infinite
velocity. To eliminate this physically unrealistic behaviour, there have been
proposed generalized thermoelasticity theories to allow for so-called ‘“second
sound" effects. Though such effects in elastic solids are generally small and
short-lived, widespread interest has recently been directed toward these
theories, mainly due to the design of nuclear reactors, space vehicles, high-
speed aeroplanes and laser technologies. In the common engineering practice,
however, there is usually no need for the use of fully coupled governing equa-
tions of the classical or generalized thermoelasticity theory. In many cases,
we can obtain adequate results using various simplified models. In technical
literature, three different thermoelastic models have become general, both in
classical and general .zed cases. These models are: 1. uncoupled quasistatic
model, 2. uncoupled dynamic model, 3. coupled dynamic model.

The class of thermoelastic problems which can be solved analytically is very
small. Closed~form solutions can be obtained for the simplest problems only,
especially when we use coupled models. The problems of practical interest,
however, usually 1nvolve structures of complicated geometry and complex load-
ings. In such cases, numerical techniques have to be applied 1n order to gain
approximate solutions. Therefore, much effort has been made during the last two
decades to develop numerical methods for solving thermoelastic problems. After
initial attemgts, the finite element method has by now bhecome the most gen—
erally used numerical technique. However, the developed finite element programs
can reliably be employed i practice only i1f they have been tested very thor-
oughly by comparing numerical results with existing analytical solutions. Thus,
it is very important to determine some analytical reference solutions, over and
above their theoretical significance, in order to validate FEM programs.

Because of its relative simplicity, tke thermal shock problem of an elastic
half space seems to be suitable for getting such reference solutions. Ana-
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lytical solutions of this problem have been reported by several authors since
the first solution including inertia effects was reported by Danilovskaya in
1950. Most of the investigations have been based on Laplace transform. Closed-
form solutions in the whole time domain have only been gained for the simplest
classical uncoupled models. In case of more complicated models, authors usually
gave long time and wavefront approximations of temperature-, displacement—- and
thermal stress fields and studied discontinuities and their propagations. These
investigations are very important because they provide a lot of information
about the nature of thermally induced waves, but their results can't be wused
for checking computer programs.

Papers, dealing with the numerical solution of the problem, have been reported
frrom the late sixties on. For want of exact solutions, the authors compared
their own results to previously published numerical results. Of course, this
method alone ig not sufficient for a thorough program testing. Though some
authors have recommended their results for typical bechmark tests, it is
evident that there is a real need for exact solutions.

The main purpose of this work is to determine such reference solutions for all
of the above-mentioned six thermoelastic models. Laplace transform is employed
on time and the transform solutions are retransformed by means of Durbin's
numerical inversion technique. Beside the sudden surface healing condition, the
more realistic ramp-type surface heating condition is also taken into consider—
ation and the results gained for both heating cases are compared. For the sake
of completeness, a brief summary of the existing closed-form solutions is also
included.

The first part of the lecture prescribes the investigated half-space problem
both in time and transform domains. This is followed by the presentation of
transform solutions for each of the six models. Next long and short time
approximations are determined, and subsequently the properties of the elastic
and thermal waves are studied in details and some wrong conclusions of earlier
published investigations are pointed out. It is shown how results of adequate
accuracy can be obtained by means of numerical inversion of Laplace transforms.
The curves of dimensionless field variables as a function of time are given
in a very useful form for testing programs. The finite finite element solution
of the problem is also demonstrated and the FEM results are compared with the
developed reference solutions. Finally, the results are summarized and the
importance of the gained solutions is emphasized by the analysis of previously
reported finite element solutions.
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CONSERVATION LAWS AND DUAL CONSLERVATION LAWS
FOR CRACK PROBLENS IN HOMOGLNIOUS
ISOTROPIC CONDUCTIVE SOLID

U LI
Department of Engineering lechanics, Tsinghua University, Beijing, China

Abstract

In this paper three concervation laws and three dual conservation
laws are presented for the 3-dimensional cnses in the homogeneous
isotropic conductive solid in which the steady current flows. The
physical models for the conservation laws are considered.

Several years ago Rice (1) (1968) discovered a path-independent
integral associated with plane elastostatics fields. Some new
path~independent integrals in elastostics have recently been discovered
by Knowles and Sternberg (2) (1972). The derivation of conservation
laws in these articles is based on the existence of the elastic strain
energy density function.

Yhree dual conservation laws in elastostatics have been discovered
by Li (3] (1988) with the aid of a version of Noether's theorem on
invariant variational principle in conjunction with the principle of
stationary complementary potential energy.

In this study, three conservation laws and three dual conservation
laws for crack problems in homogeneous isotropic conductive solid are
given under the assumption of the existence of the electric energy
density function and the complementary electric energy density function.

The Rice integral and the Knowles-Sternberg integrals in
elastiostatics are

J; js (Um - Ty, yeh (1.1)
A A
L= | e (Umem - Ty g m 4 Tw)dd, (1.2)
5

- A
z l
M _L U Tyt % -5 Tow ) dA, (1.3)
Fal
where 3 is a closed surface with outer normal #; , U is the
elastic strain energy density, 7} is the stress vector acting on
the outer side of § , €&; is the alternating tensor.
The dual path-independent integrals in elastostatics are

~ A
7 - JS (UM = o, M4 ) dA (1.4)

/\* A
L =J5 (U5 T~ G Myt -Gty = T Jah, - aes)

M*:L(U*x'{n/‘:—o;jl": njukx‘-—%ﬂuk)d/}’ (1.6)
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A
where le is the complementary strain energy density.
In three dimensions the path-independent integrals for crack
problems in homogeneous isotropic conductive solid are

L= [ unrpn9s)dd (1.7)
S

L=

b]
|
M=J;(U1;7l¢+lj7’j¢,,;3€:+-z-§'7f,-¢’)a(/4 (1.9)
where U is the electric energy density function.

The dual path-independent integrals which may be taken to be the
counterparts of the integrals J. , L; 4 M are

G;jk(U"k”j +Ig'ﬂ;¢,j X )dA (1.8)

]:”_L (U™ tLi%¢)dA (1.10)
L: =J eijk(U*xk 7IJ-+I’,”. M ¢ % +_Z}7lk¢)d/1, (1.11)
S
.
M*=J5<U*x;7& +L 73,'5"1;"%.6-75"75)4'4, (1.12)

where U‘ is the complementary electric energy density function.

In this paper, these conservation laws are related to energy
release rates associated with cavity or crack extension, rotation
and expansion rates.

In (1.7) — (1.12), I, are the components of the current density
vector, ¢ is the electric notential.
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This paper is concerned with scattering of time-harmonic elastic waves from a single void or
several voids in an otherwise unbounded linearly elastic medium. The formulas for solution are in
terms of boundary integrals, and the boundary element method is used for solution of the integral
equations.

It is well known that the conventional Cauchy-singular integral equations for such problems
suffer from the so-called fictitious eigenfrequency difficulty. This difficulty is that the integral
equations exhibit a multiplicity of solutions at frequencies which correspond to certain modes of
vibration of (fictitious) elastic bodies of the size and shape of the void scatterers. However, if a
linear combination of the Cauchy-singular integral equations and another set of equations, which
are hypersingular, is used, the combination is free of the mentioned difficulty. The presence of the
hypersingularity presents nontrivial problems of both an analytical and numerical nature, but the
combined equations do have a unique solution. Results based on a simpler version of this formu-
lation, for acoustic (rather than elastic) scattering from a single void, are presented in the paper
along with a report on progress to obtain comparable results for the (vector) elastic case.

Because of the mentioned hypersingularity, attention must be given to higher order boundary
elements in solving the equations, i.e. elements having sufficient smoothness at collocation points
for the hypersingular integrals to exist. Figure 1 depicts the boundary element solution, versus the
analytical one, for normalized scatter as a function of radial direction due to an incident plane
acoustic wave at 180° on a spherical void. Three types of elements, with varying degrees of
sophistication and ease of implementation, are compared (number of elements M, number of
algebraic equations N) showing computer time for comparable accuracy. As expected, the Over-
harser spline elements, which are the most sophisticated and smooth but the most difficult to
implement, turn out to be the most efficient. Of overriding importance, however, is the fact that
the formulation, regardless of the elements used, has a unique stable solution at the eigenfrequency
ka=2n.

Incases of scattering from multiple voids, attention is focused on the conventional formulation
for elastic scattering, and work is restricted to known nontroublesome frequencies. Emphasis here
is on the efficiency and accuracy of an approximate iterative solution scheme which relates terms
in a series to the number of interactions between scatterers. The idea is to reduce and simplify the
computational burden of dealing with multiple scatterers all at once. With the iterative scheme,
higher-order interactions between scatierers, which are often negligible, need not be calculated.
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Also, the sizes of the largest matrices in the solution process correspond to individual scatterers
rather than the union of these scatterers; thus numerical work is considerably reduced.

For multiple scattering, results are shown in Figure 2 for a measure of the scattered field,
specifically a quantity ¢ called the Total Cross Section, for two (10:10:1) spheroids parallel to each

other and subjected to an incident wave coaxial with the small semi-axes. The quantity o relates
the total power in the scattered field to the power flux in the incident field. The dimension ‘a’ is
the major semi-axis length and the separation distance ranges from one to six ‘a’ units. Note that
the truncated series approximations are compared to the converged solution. The most interesting
behavior at small separation distances is that the lower order partial sums do not converge mono-
tonically.

The 10:1 aspectratio of the mentioned spheroids is enough for these shapes todisplay cracklike
behavior when considered as isolated scatterers. However, it is not clear whether these finite
thickness crack models have near field behavior similar to zero-thickness crack models. Suchissues
are part of our ongoing research.
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Fig. 1.  Element comparison at wavenumber Fig.2. Total scattering cross section of two oblate (10:10:1)
ka = 2m, for comparable accuracy. spheroidal voids at k,a = w2 for coaxial incidence as
a function of separation distance d: Comparison of
first (- - ), second ( — ), third ( 0 ), and converged
( + ) approximations for the scatterer interaction.
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ABSTRACT

The presentation will develop finite element schemes to handie the analysis of
elastomeric components (seals, gaskets), undergoing large deformations leading to
potential surface folding-wrinkling-stretching, as well as localized bifurcations.
Since significant element degeneracies occur in the vicinity of such behavior,
specialized procedures are developed to define the ensuing deformation
morphology. Forinstance, thisincludes the modelling of the complex mechanical
fields in the apex region of the folding collapse zone along with the associated self
contact. Checks are developed to monitor local-global system stability, solution
conditioning, as well as kinematic motion leading to self contact in wrinkle zones.
These initiate the concomitant remesh cycle. To generalize the results, the
eigenvalue properties of the tangent stiffness are formally investigated. Here the
main emphasis is to define the occurrence of shifts in definiteness leading to
bifurcations on the element, regional and global levels. To benchmark the scheme,
a series of examples will be considered. These include seals, switches and shock
absorbers. Since Mooney-Rivlin and Ogden genera'ized models are employed,
energy based criteria are also developed to monito. .\e potential for multiple states

resulting from load histories generated path dependencies.
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FLAW DETECTION IN ELASTOSTATICS WITH
BOUNDARY ELEMENTS

by

Luciano M. Berarra and Sunil Saigal
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Carnegie Mellon University
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ABSTRACT

A boundary integral formulation is presented for the detection of flaws in planar structural
members given the boundary displacement measurements and the applied loading. Such inverse
problems usually start with an initial guess for the flaw location and size and proceed towards
the final configuration in a sequence of iterative steps. A finite element formulation will require a
remeshing of the object corresponding to the revised flaw configuration in each iteration making
the procedure computationally expensive and cumbersome. No such remeshing is required for the
bovndary element approach. The inverse problem is written as an optimization problem with
the objective function being the minimization of the sum of the square of the differences between
the measured displacements and the computed displacements for the assumed flaw configuration.
The geometric condition that the flaw lies within the domain of the object is imposed using the
internal penalty function approach in which the objective function is augmented by the constraint
using a penalty parameter. A first order regularization procedure is also implemented to modify
the objective function in order to minimize the numerical fluctuations that may be caused in the
numerical procedure due to errors in the experimental measurements for displacements. The flaw
confignration is defined in terms of geometric parameters and the sensitivities with respect to
these parameters are obtained in the boundary element framework by the implicit differentiation
approach developed earlier by the second author. A series of numerical examples involving the
detection of circular and elliptical flaws are solved using the present approach. Good predictions
of the flaw shape and location are obtained.
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A Comparison of Various Methods for A-Posteriori
Error Estimation in Finite-Element Approximations

T. Strouboulis 1 and K. A. Haque
Department of Aerospace Engineering
Texas A & M University/System
College Station, Texas 77842

SUMMARY

In this work we review several methods for a-posteriori estimation of the error in
finite-element solutions of elliptic boundary-val '2 problems. Several emror estimates were
implemented for various adaptive finite-clement approximations of elliptic model problems
and for the equations of plane-elastostatics; finite-element approximations are constructed
using:

1. h-adaptive meshes of bilinear and biquadratic quadrilateral elements.

2. r-h-p adaptive meshes of triangular elements with variable order of local interpola-
tionineach element (1 <p<7).

A-posteriori error estimates for elliptic boundary-value problems were introduced in
the pioneering work of Babuska and Rheinboldt [1]. Extensions of these estimates to general
multidimensional approximations of elliptic and parabolic boundary-value problems were
presented by Oden, Demkowicz and co-workers [2], Bank and Weiser [3]; these estimates are
based on local calculations of the element and interelement residuals and are classified as
residual estimates. A-priori error estimates were also employed for error estimation by Diaz,
Kikuchi & Taylor [4], Demkowicz, Devioo & Oden [5) and Eriksson & Johnson [6]; such
estimates are often referred to as interpolation-type estimates. The analysis and implemen-
tation of several estimates for general h-p-approximations in three-dimensional domains was
presented by Oden and co-workers {7]. Zienkiewicz and Zhu [8] presented a different class
of emror estimates which employed an extracted flux based on global smoothing procedures
introduced by Oden and Brauchli [9] two decades ago. Such estimates are referred to as
flux-projection estimates and may be easily incorporated into existing commercial codes.
Recent numerical experiments by Shephard and co-workers [10] and by Strouboulis and
Haque [11] point out that flux-projection estimates may Jead to very poor predictions of the
error for even-order finite-element approximations.
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We will present a detailed account of our recent experiences with a-posteriori error
esumation techniques namely element-, subdomain-residual and flux-projection methods com-
bined with several local and global post-processing techniques for extracting approximate
fluxes. It will be demonstrated that flux-projection methods, as presented in [8], lead to diver-
gent error estimates when they are used with even-order approximations; in particular it is
demonstrated that such flux-projection error estimation methods may lead to very poor esti-
mates of the error in biquadratic finite-element approximations in plane elastostatics. A full
description of the various methods and numerical results with conclusions of this study are
given in [11].
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NUMERICAL SIMULATION
OF LOW-REYNOLDS-NUMBER VISCOUS FLUID FLOW
AROUND CYLINDRICAL ARCS

Chang-Sheng- Lin
Department of Physics
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Tongliao,028043, P.R.CHINA

The numerical simulations of the low-Reynolds-number viscous
fluid flow arounding the cylindrical arcs have been made by
using Boundary Element Method(BEM) in this paper. The method
based on a idea of the fundamental solution of Stokes equa-
tions as Green's function to convert the Navier-Stokes equa-
tions to boundary integral equations as follows

(R (R) = c}Srn,qo)T;,(W*(x—xonov,-(x.,)dro

= M ROT, (PHR WA - R o) (1)
A (2= (X = ROTu (FCXNm( Xo)T,
9g* (X - Ro)
RS AR RELEAS HUIG ST (2)

where Ti j(-\T) and Tij(wk) are stress tensor correlate with V

and W‘k. The fundamental solution l? and qk are given(]) by

16 &5 S ; 1 _(x_--_—x;o)(x,.—xu,)
S UR P S AR i AR
[ YT I . __a_ﬁ 1 B 1 - — 1_ Xy —X30
Tx X”“éx.[zn '”ix—xol]“ 2 X~ Xl

The boundary integral equations can be discretized and solved
numerically the surface-stress force and pressure on the
boundaries and velocity fields in the flow domain.In order to
show an effectiveness of the method,we study a problem of low-
Reynolds~number viscous fluid flow around the cylindrical ar:
with various angles of circuuference. We calculated numeri-
cally the distributions of surface-gtress force and pressure
on the surface of arcs. The velocity fields of numerical
simulation show in Figure 1(a,b,c,d). There is a vortex pair
within the concavity of the cylindrical arc when the angle of
circumference is 71 /9< ¢ <5m/3. Moreover,two rotatory vor-
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texes are in opposite

direction as show in figures. The dis-

tance between two vortex centres are obtained. By comparison,

the numerical results are in good agreement
The numerical

mental ones (2).

with the experi-
investigations show that the

method is very effective in researching and solving unbounded
problem and studying the phenomena of vortex,and has some ad-
vantages of computational convenience, the superior accuracy.
The question of especial importance is the method not only is
more suitable for the complex geometry of bodv than other me-
thod but also can be treated the problem of the flow past mul-

tibody as well.
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THE STRESS FIELD AROUND A CYLINDRICAL INTERFACE
DISLOCATION

I. Demir, J.P. Hirth, H.M.Zbib

Department of Mechanical and Malerials Fngincering
Washinglon Slale Universily, Pullman, WA 99164-2790

The concept of interface dislocations and the stress field in lwo semi infinite linearly
clastic homogencous materials have been analyzed by many researchers since the original
wotk of Dundurs and Sendeckyj [1]. Ta gencral all those calculations are restricted to a
straight dislocation of Volterra type in planar cases.

The Somigliana type of ring dislocation has already been introduced in homogeneous
isotropic infinite elastic medium [2]. The natural extension of this type of dislocation would
be the interface form of the Somigliana ring dislocation. This interface dislocation will extend
the previous planars interface dislocation concept to the 3-1 cylindrical interface dislocation
which has some applications to the fiber matrix interfaces in composite materials and different
kind of inhomogencities in elastic continuum. The dislocation density distribution of this
type has already been used to compute stress intensily factors and energy release raics of a
cylindrical interface crack in fiber matrix debonding problem [3,1]

The solution is carried out using Love’s stress function following the same procedure given
in [2,3,4]. Final form of the solution is obtained achieved numerically due to the dilficulty
of performing some very complicated integrals of the Bessel functions. In order to solve
interaction probleins between different type of cracks and dislocations, the entire stress field
must be known, therefore, the present calculations can be considered as one more important
step towards calculating interaction of different singularities in composites.

Combining the entire siress field solutions for cylindrical interface cracks and dislocations,
interaction problems involving these type of defects can be analyzed.  Morecover, by
determining the effective region of similarities between the stress field arcund cylindrical
interface crack and a single dislocation, it could be possible to represent debonding by
two super intetface Somigliana ring dislocation. This enables one to represent interaction of
cylindrical cracks simply by super dislocations depending on the distance between cylindrical
cracks and/or dislocations. ‘The solution for interface cylindrical dislocation also enables
one Lo evaluate line force on the dislocation. Using the line force concepl on an interface
Somigliana dislocation it is possible to analy: ¢ niress field around short fiber tips and also
interaction of this field with the stress field di.e Lo debonding or cracking.
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Crack Tip Displacement Factor — D:
Concept and Applications:
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Abstract

A fracture parameter, crack tip displacement factor, D, is introduced
to evaluate the fracture behavior in linear elastic fracture mechanics prob-
lems. The introduced {racture control parameters are defined as

.. COD(z)
= TEG)
CSD(z)

b = 0 R a)
_ . CTD(z)
Dy = lim 20

where COD,CSD and CTD are the crack surface relative displacements
for the mode |, mode II and mode III fractures, respectively, and F(z) is a
normalized function which usually has the form

Fla)= /L - (=)

The D factors may be determined analytically if a mathematical expres-
sion can be found for the crack surface relative displacements. For numerical
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and experimental analyses of the crack problems, the D factor can be ob-
tained by cxtrapolating the results from the crack surface to the crack tip.
The erack tip displacement factor - D can be bridged to the stress intensity
factor N oandd the energy release rate G by the following equations

e
D[— E\/;FAI

I\'”

. 4
Evx

and

. /Ga
U=\/D?+Dfl+1)%”=4 W_E

The major advantage of this fracture control parameter is that one can
obtain it by using the crack surface displacement from a numerical analy-
sis or an experiment, similar to the conventional COD approach, without
the need for considering the stress field at the crack tip. Unlike the COD
method, the introduced fracture parameter can be used for not only the
simple opening mode hut also for the other two modes as well as for the
mixed mode [racture problems. The introduced parameter may be used as
a fracture control criterion for crack extension, as it is derived from the dis-
placement field at the crack tip. Although the current discussion in this
papet is fimited to two-dimensional elastic fracture problems, the extension
of this theory to other fracture problems, such as the elasto-plastic fracture
mechanies, three-dimensional fracture mechanics, ete., is possible,
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DETERMINATION OF THE NEAR-TIP STRESS FIELDS FOR
THE SCATTERING OF P-WAVES BY A CRACK
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ABSTRACT

Determination of stress fields induced by interaction of elastic waves with
cracks remains a challenging problem. In (1], Jiang and Knowles reconsidered the
linear elastodynamic problem of the transient scattering of a plane SH-(or anti-
plane shear) wave by a semi-infinite crack. They showed that the near-tip stress
field can be found directly by using a conservation law, instead of solving the
underlying boundary-initial value problem. This paper illustrates a procedure for
determination of the near-tip stress fields arising from the scattering of normally
incident P-(or plane strain longitudinal) waves by a crack in a homogeneous,
isotropic elastic medium, based on a conservation law implied by the relavant

field equations [2].

In this paper, the linear elastodynamic problem of the transient scattering
of a plane P-wave by a semi-infinite crack is reconsidered. The global solution
of this problem was constructed by DeHoop [3] by employing the Wiener-Hopf
procedure, however, his solution is too complicated to be used for developing the
near-tip stress field, which is of particular interest to the people who concern the
opening of the crack. An extensive discussion on this issue can be found in [4].

By using a conservation law reduced from a more generalized one established by
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Jiang in [2], the author has found the near-tip stress field for the special case in

which the front of the incident wave is parallel to the crack.
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A DISCRETE MODEL ANALYSIS
OF MICRO-MACRO CRACK INTERACTIONS IN PARTICULATE COMPOSITES
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Introduction

Presence of micro-cracks in the neighborhood of macro-cracks in brittle
materials can influence the fracture process. In particulate composites micro-cracks
can develop as a result of manufacturing process or loading history. These micro-
cracks in the neighborhood of macro-cracks alter the stress and the displacement
fields. In order to study the fracture process in such composites it is important to
carefully characterize the influence of micro-cracks on these field quantities. Along
this line, fracture toughening due to micro-cracks has been investigated by Shum and
Hutchinson (1990) for isotropic elastic materials under plane strain conditions. In this
paper, we use a discrete modelling scheme to investigate the interaction of micro and
macro cracks. The study particularly focusses upon investigating the sensitivity of
the method in detecting the interactions.

Discrete System
The particulate composite is modelled as a discrete material consisting of

randomly distributed rigid inclusions embedded in a relatively softer matrix. Under
an imposed load, the soft matrix undergoes deformations. In this work, we idealize
this load carrying mechanism such that the soft matrix is replaced by a system of
springs which connects a rigid inclusion to its interacting neighbors. In the idealized
system, the micro-crack is modelled by an interaction point with zero stiffness.

The relative movement between the centroid of two aeighboring rigid
inclusions causes the deformation of the springs connecting them. The interactions
between inclusions n and m is given by

8™ = ur-ul+e (M -0 ; frm = K8 (1)
and
8" = O"-0"; R = GBI (2
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where 87" is the relative displacement between inclusions n and m, 6" is the
relative rotation between the inclusions, u_denotes the displacement of inclusion
centroid, ®, denotes the inclusion rotation, r; is the vector joining the centroid of
the inclusion to the interaction point, superscripts refer to the particles, e, is the
permutation symbol, f™" is the force at the interaction point, p™ is the moment at

the interaction point, K" is the stretch spring stiffness, and G" is the rotational

spring stiffness.
Considering the equilibrium at the m-th inclusion, the governing equations for
the discrete system can be written as (Chang and Misra 1989)

Fr = Y Kol -ul+e (0 -or) = Za: 3)

and

MP = D e Kiluy-ul s ep (@] - i+ Grlo] -af) = e frrswr. . @

a

where m and n are the interacting inclusions at the a-th interaction point.

Discussion

The discrete scheme is used to analyze a dou’ .e cantilever beam specimen
(DCB) with a single micro-crack as well as with several micro-cracks placed at
various locations and orientations in the neighborhood of the macro-crack. The
results show that the introduction of even a single micro-crack alters the stress field
near crack tip as well as the crack tip displacement. The discrete model can be
potentially employed to investigate micro-crack toughening phenomena and crack tip
damage evolution in particulate composites.
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THE ENERGY RELEASE RATE FOR TRANSIENT MODE I CRACK
PROPAGATION IN A GENERAL LINEAR VISCOELASTIC BODY

J.M. Herrmann and J.R. Waltont
Department of Mathematics
Texas A&M University
College Station, TX 77843-3368

The analytical study of dvnamically propagating cracks in linearly viscoelastic ma-
terial was begun by the Willis (1967) study which constructed the dynamic steady state
stress intensity factor for a propagating semi-infinite, mode III crack in an infinite vis-
coelastic body modelled as a standard linear solid. Extensions and generalizations of this
work have been accomplished by several researchers, most notably Atkinson and Walton.
A syn;)psis of this previous work can be found in the introduction of Herrmann and Walton
(1989).

Herrmann and Walton (1989) derived analytical expressions for the stresses, displace-
ments, and stress intensity factor for a semi-infinite mode III crack, initially at rest, which
begins to propagate at a constant speed under the action of suddenly applied loads on the
crack faces. These loads are completely general and can be time varying. These were the
first transient dynamic results for a very general class of viscoelastic material models which
includes both the power law and standard linear solid viscoelastic models. Herrmann and
Walton (1989) also presented closed form expressions for the Laplace transform of an en-
ergy release rate. A Barenblatt type process zone was incorporated into the model behind
the crack tip and the energy flux into this damage zone per unit crack advance was derived
for loadings which have a particular spatial form which follows the advancing crack tip
but are allowed to be time varying. This energy release rate was found to be the product
of the response stress in the process zone and an energy integral. An expression for the
Laplace transform of each of these functions was derived and the mathematical behavior
of the energy release rate was determined through asymptotic methods and by consider-
ing the form of the energy release rate when such simplifying assumptions as quasi-static
propagation or an elastic material model were introduced. Herrmann and Walton (1988)
showed that these formulas could be generalized to the complex plane and thus numerical
Laplace inversion along a Bromwich path was valid. Th~ numerous graphs displayed in
Herrmann and Walton (1988) showed the effect on the energy release rate of varying the
different nondimensional parameters identified in these formulae.

The purpose of this paper is to report our results in extending these models to the
more applicable case of transient dynamic mode I crack propagation. Furthermore, these
results have allowed the authors to provide an idealized model of the fundamental dynamic
fracture experiments described in Ravi-Chandar and Knauss (1982), (1984abc). In these
cxperiments, a large plate with a starter crack had a fixed part of its crack faces loaded by
copper strip which provided an opening mode pressure when a capacitor-inductor circuit
was discharged through the strip. The size of the plate was chosen large enough such
that reflected waves did not interact with the crack tip for the duration of the experiment.
Thus, it was possible to simulate an infinite specimen geometry in their experiments. It
was discovered that the crack tip advanced at a constant speed even though the stress

T Each author gratefully acknowledges the support for this research provided by the Air
Force Office of Scientific Rescarch and the National Science Foundation through the NSF
Grant No. DMS-8903672.
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intensity factor was varying. Furthermore, the initial acceleration phase of the crack tip
could not be observed since it occured in a time period of less than the 5 psec that the
experiments could resolve. Similarly, no deceleration phase for crack arrest was observed
since the arrest also occured in a time period of less than 5 psec. Ravi-Chandar and
Knauss concluded from a series of experiments which varied the duration of the loading
on the crack faces that “the question of whether a crack will initiate under some applied
loading into unstable growth depends not only on the amplitude of the loading, but also
ou the complete history of load application.”

Our mathematical model assumes a general viscoelastic material whose current state
of stress depends on the complete history of the strain of the material through Riemann-
Stiltjes convolutions of the shear modulus and Lame modulus A with the strain. For a
semi-infinite mode I crack that begins to propagate at a constant speed less than the
glassy shear wave speed, the authors derive expressions for the Laplace transform of the
stresses, the displacements, and the stress intensity factor. Furthermore, a Barenblatt type
process zone is incorporated behind the crack tip and an expression for the energy flux
into this damage zone is determined. This energy release rate is derived for two diffcrent
loading schemes, the first assumes the load on the crack faces follows the advancing crack
tip as in the previous studies Herrmann and Walton (1988), (1988), and the second loading,
assumes that the crack face tractions remain fixed as the crack tip advances. The energy
release rate in each case is found to be the product of the response stress in the damage zone
and an energy integral. The Laplace transforms of each of these functions is determined
for complex values of the Laplace variable so that numerical Laplace inversion of these
expressions is valid. The behavior of these expressions is investigated by asymptotic as well
as numerical means. Moreover, the effect of such simplifying assumptions as quasistatic
propagation or an elastic material model is also examined. In particular, it is shown that
the first loading scheme has the energy release rate quickly and monotonically rise to its
steady state value while the second loading scheme has a quick monotonic increase to a
peak value and then a monotonic decrease to zero. Note that this behavior of the encrgy
rclease rate under the second loading scheme, which reflects that found in the experiments
of Ravi-Chandar and Knauss, provides an explanation of their observations of an abrupt
crack arrest if a critical energy release rate is assumed as the fracture criterion.
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ON MIXED-MODE FRACTURE CRITERIA OF CRACK INITIATION ANGLE
UNDER NON-PROPORTIONAL LOADING

C.L. Chow and T.J. Lu
Mechanical Engineering, Southern Illinois University
at Edwardsville, Edwardsville, Il. 62026-1805

ABSTRACT

The development of modern design methodology imposes increasing
importance on reliable and accurate method of predicting fracture toughness
and crack growth direction. So far, the practical use of fracture mechanics
has been confined to structural components which remain essentially elastic
such that the wusual assumption of small-scale yielding (SSY) applies.
However, the valid range of SSY assumption has been elucidated to be
surprisingly small {1] which necessitates the extension of linear elastic
fracture mechanics to, say, low strength ductile materials or high strength
materials under plane stress, where crack initiation and propagation is
usually accompanied by extensive plastic deformation. Beginning from Begley
and Landes [2], the J-integral has been postulated as a potential method to
determine the fracture toughness (i.e., the onset of crack extension) in
ductile materials. The use of J is nevertheless restricted by the underlying
assumption of nonlinear elasticity in deriving the HHR
(Hutchinson~Rice~-Rosengren) singularity fields. It is also difficult to apply
J analysis to problems of surface or shallow cracks and to non-coplanar
cracks. Furthermore, this approach does not account for the effect of
distributed microvoiding and/or microcracking near crack tip on stress and
strain fields which has been shown in to be severe [3].

Recently, a phenomenological theory known as continuum damage mechanics
(CDM) has emerged as an alternative candidate for elastic-plastic fracture
mechanics {3-6]. The theory discusses systematically the effects of
irreversible microstructural alterations or material damage on macroscopic
mechanical properties of the material such as stiffness and strength, and
also the effects of loading, environmental condition as well as damage itself
on the subsequent development of damage. The general framework of CDM can be
established, after identifying a proper set of internal variables
characterizing the irreversible microscopic occurrences together with their
conjugated generalized forces, by appealing to the thermodynamic theory of
irreversible processes.

In this paper, a symmetric second-order tensor is used to characterize
the geometrical and distributive properties of damage. A new matrix
formulation of damage effect tensor based on the normative representation of
stress and strain [7] is employed to define effective stress and effective
strain. For damage-coupled elasticity and plasticity, a new hypothesis of
energy equivalence is proposed which extends the more familiar hypothesis of
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elastic complementary strain energy equivalence to phenomena other than
elasticity. Evolution law of anisotropic damage is constructed using the
concept of a damage surface in the space of affinities as well as the
principle of inaximum damage dissipation. The influence of non-proportionality
in stress histories presenting in the crack tip region is accounted for by
introducing a dynamic coordinate system of principal damage such that the
principal direction of damage rotates in accordance with that of the loading.
Numerical algorithms are finally developed to implement the proposed damage
model for ductile fracture.

To complete the proposed damage model, two damage fracture criteria are
developed for predicting fracture toughness and crack initiation angle. One
of them is known as the c-criterion which may be stated as: a crack will
propagate at the direction of the maximum ratio of effective damage
equivalent stress/effective plastic equivalent stress, or ¢ = ¢ /J-P, and

initiate when the overall damage reaches its critical value, an intrinsic
material property. The &-criterion makes use of the difference in angle, &,
between the principal damage plane of an element and the radial plane of the
element which states that:a crack will initiate at the direction of zero &
when the overall damage of an element ahead of the crack tip at that
direction reaches the critical value. These criteria are used to predict the
threshold condition, i.e. fracture toughness and crack initiation angle, in
mixed mode specimens made of aluminum alloy 2024-T3. The thin aluminum alloy
plates embedded with an isolated central crack of inclined angle B = 45, 60,
75° are manufactured to simulate the mixed mode ductile fracture. A biaxial
loading rig with two orthogonal, hydraulic servo actuators is employed to
simulate a set of prescribed non-proportional loading paths.

In addition to c- and &-criteria, three other criteria postulated with
the conventional fracture mechanics theory are examined, namely, the criteria
of maximum tangential stress (MTS-criterion), strain energy density
(S-criterion) and maximum dilatational strain energy density (T-criterion).
The relative merits of all the above listed fracture criteria in predicting
fracture initiation load and angle of crack initiation of mixed-mode ductile
fracture are compared with experimental measurements. The non-proportional
loading condition prescribed should provide one of the most stringent checks
on the validity of different fracture criteria which is otherwise
inaccessible with routine proportional loading.
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ESTIMATION OF THE C;-PARAMETER UNDER
CREEP-FATIGUE CONDITION

Kee Bong Yoon! and Ashok Saxena®

1Resea~ch Engineer, Materials Evaluation Center, Korea Standards
Research Institute, P.O. Box 3, Taedok, Republic of Korea
2Professor, School of Materials Engineering, Georgia Institute of
Technology, Atlanta, GA 30332-0245

ABSTRACT

The problem of creep-fatigue crack growth under trapezoidal waveshapes has received
much attention due to its applicability to remaining life prediction of the power plant
components such as steam headers and turbine rotors. As a fracture parameter charac-
terizing the time-dependent crack growth rate during the load hold period, C;-parameter
seems to be promising. The C; estimation equation derived for elastic-secondary creep
(EL-SC) material has been used particularly for creep crack growth problems. However,
for creep-fatigue problems in which the hold period is relatively short, the previous es-
timation equation is no longer accurate. Thus, better estimation scheme is required for
creep-fatigue problems considering the influence of crack tip plasticity and primary creep.

In this study, finite element simulations of the first three fatigue cycles are conducted.
In the first analysis, the constitutive law employed includes elastic deformation, nonlinear
kinematic hardening plasticity suitable for cyclic loading and decoupled secondary creep.
Cyclic plasticity is included to understand the nature of the crack tip plasticity and the
resultant retardation of the creep rate in the crack tip region. In the second analysis,
decoupled primary creep is also added to see the significance of the primary creep. Based
on the numerical results whose main results are shown in Figure 1, new C, estimation
equations are proposed.

In order to show the effectiveness of the proposed estimation schemes, creep-fatigue
crack growth experiments on compact-type specimens are conducted for 1.25Cr-0.5Mo steel
at 538°C. In these experiments, hold times are 98 seconds and 10 minutes. The load line
deflection during the load hold period is monitored and the crack length is measured using
the potential drop method. The experimental results show that the previous C; estimation
equation derived for elastic-secondary creep material gives significantly larger values of C,
than the measured values. It is also shown that the estimation equation based on elastic-
plastic-primary creep-secondary creep (EL-PL-PC-SC) analysis gives much closer values
to the measured C; values than that based on elastic-plastic-secondary creep (EL-PL-SC)
analysis. Based on the experimental and numerical results, explanations will be provided
on the discrepancies between the measured and the estimated C; values.
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Mixed Mode Tangential Displacement
Fracture Criterion

IIG Pu (Dept. of Naval Architecture & Ocean
Engineering, Shanghai Jiao Tong Univercity,
200030,P.R.China§

Abstract

Tangential displacemend,a new mechanical parcmeter which
can reflect the fracture mechanism of materials more eviden-
tly,has been proposed as fracture-controlling parameter,anda
basing upon it a new fracture criteriom,namely,mixed mode
tangential displacement fracture criterion,has been estab-
lished in this paper.Researches on mixea mode frecture expe-
riments have been unuertakem and they have provided suffici-
ent and necessury evidence for the new criterion.

‘The spherical coordinate system has been adopted with some
point in crack profile &s origin.Tangential displacement has
oeen defined as the total uisplacement in the airection par-
pendicular to vector P, . Pangential displacement frecture cri-
terion has been established basing upon the following two
assumtions,

a,The initial growth of mixed mode crack occurs inside
the normel plane of crack profile,and the growth orienta-
tion is opposite to that along which tangentiai uisplace-
ment takes its maximum velue.

o,Cracking starts when maximum tangential displacement
reaches its critical value,

Applying tangential displacement fracture criterion to
various kinds of mixed mode crack,following results heve
been obtained,

1) .For the sliding mode crack, the initial growth airec-
tion varies betwaen -75° and -84 under plzne stress state,
-71° and -84° under plane strain state,and fracture tougn-
ness is 0,87~1,1Kie for 0< v< 0.5, Ihe fractur'e touznness of
sheer mode crack is 0,95~1Ky.

2).For mixed mode I and ] crack, the growth airection is
in accord with the results from o-criterion and maximun
pulling stress criterion.For both mixed mode [, J and ] ,H
crack, the critical fracture state curve lies between those
of above two criterions.

3).For mixed mode [ , ] and I crack,critical los: calculz-
ted according to the new criterion is a little lzrger than
that deduced from o-criterion if Kris small compare. with K1
and Kgand smaller if Kgpis small relative to Kjani Ry.

By edopting Irwin modification under smalLl scazie Yielaing
for the opening moae crick,it can be proved that tnere exi-
sts following relation between maximum tangential cisplace-
ment and open displacement at the original crack tip,

uem=§C1'0D
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Theretore,maximum tangential displaccement is wn equally
approciuble purameter as ClUD for the opening moue crack.
ClUb criterion may be considered as a special case of maxi-
mum tangential displacement criterion,

Mixced mode brittle fracture experiments have been pertor-
med for two kinds of specimen mede of spring steel.the fir-
st kind of specimen experienced the joint action ot Tension
énd shear,Mixed mode loading has been realized through the
variction of two directions,of which one is the loeding di-
rection reletive to crack surface and the other 1s the spe-~
cinen direction relative to horizontal,The secoa kinu of
specimen bearing both tension and torsion have been used
for mixed mode ] andi J] fracture experiments,

Criticzl fracture points of specimen have forimed e« nerrow
scatter strip surrounding the fracture curve aescrioed by
the tangential displacement criterion,It's appropriate to
conclude that the new criterion is available,
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THE ANALYSIS OF SOME NONLINEAR
SYSTEMS USING ABEL'S IDENTITY

by
T. L. Caipen, Lt Col
Gary J. Butson, Lt Col
and
S. E. Jones, Visiting Professor
Department of Engineering Mechanics
U. S. Air Force Academy, CO 80840

Abel's Identity is a valuable tool for
constructing solutions to linear differential
equati~ns, as well as a fundamental building
block for theoretical developments (e. g. ,
Ince [1]). An extension of Abel's Identity
to a wide class of nonlinear differential
equations was recently given by Jones and
Butson [2, 3]. The equations to which the
identity applied were cast in the form of
first order systems.

x = F(x,y.t) (1)
Y = G(X,y,t) (2)
which satisfy
oF 3G _
st W.-f<t) (3)

It was shown that the general solution

X x(t,a,B) (4)

Yy y(t,a,B8) (5)
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where a and B are the arbitrary constants of
integration, satisfies

_ 8x dy _ 9» 3y _ t

In this equation, W, = W, (t,,a,B) and t, is
some convenient lower limit.

Equation (6) is actually an integral of
the motion of (1), (2). The form of this
integral is unconventional and extracting
useful information was the subject a paper by
Jones, Butson, and Lemmers [4].

In this paper, we explore in detail
several of the general solutions presented in
[4]. Among the systems discussed is the
nonlinear damped oscillator

'x. + u;< + 2/9u2x + ex3 =0 (7)
where p and € are constants.
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SMALL DENOMINATORS AND THE PROBLEM OF
EIGENVECTOR STABILITY IN STRUCTURAL DYNAMICS

D. Afolabi B. Alabi
Purdue University University of Ibadan
Indianapolis, Indiana 46202. Ibadan, Nigeria.

ABSTRACT

Perfectly symmetric systems have degenerate eigenvalues. Various kinds of imperfections destroy perfect
symmetry, converting degenerate eigenvalues to pathologically close eigenvalues. This gives rise to small
denominators, leading to inaccurate prediction of corresponding eigenvectors when using classical per-
turbation methods.

INTRODUCTION

The influence of small denominators in mechanics has been discussed in considerable detail by V. L
Arnol'd, in his celebrated papers [1-2] on celestial mechanics,

In structural dynamics, classical perturbation method: are used in sensitivity analysis, structural re-
design, optimization, etc. The literature in this area is vast, for which [3-6] represent a sample. In the cited
references, it is implicitly assumed that small changes in the eigenmatrix of a linear structure induces only
small order perturbation in the eigenvalues and eigenvectors. It is shown in this paper that the above is
not true in the regime of small denominators. The practical importance of the foregoing seems not be
sufficiently appreciated in the structural dynamic community at present.

SMALL DENOMINATORS

Small denominators arise when the divisor in a computation tends to zero. Unless the numerator also
goes to zero at a comparable rate, the resulting ratio becomes almost infinite. This is the case in classical
first order perturbation eigenvalue problem, for which the following formulas (1) - (3) are well known.

Au=d; AP =%D; A=AD+AY; A=00+8P; wi=ul® +uf. V)

Here superscript (0) denotes reference system; while superscript (1) denote first order correction terms,
which are presumed to be small—but this is not always true in the case of eigenvectors. Unsuperscripted

symbols denote the perturbed system. The first order corrections to the ith eigenvalue and vector, respec-
tively, are

_ uiO)T . [A(l)] ' l‘§0)

W = = @
i1,

N M O L0
u=3 g5 u; g5 = 0)1 o 4 :: 'ol;l -
A -N <uf® , uf®>

i#; 4;=0. 3)
j1
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where < - > dontes inner product of two real vectors. It is emphasized that the eigenvalues of the systems
being considered here are all distinct, although some may be pathologically close.

The “small denominators”, X —X?, which are present in equation (3) for almost equal but distinct eigen-
values gives rise to large correction terms in the eigenvectors. Thus u{" is not small, unless AP is equal to
zero or very small. This, therefore, introduces large errors. Second and higher order perturbation formulas
do not lead to more accurate prediction. In fact, they introduce larger errors, since the small denominators
are now raised to higher powers.

NUMERICAL EXAMPLE

For an illustration, we use a very simple 3 d.o.f cyclic system. A whole range of examples for realistic
engincering structures having larger matrix size may be easily constructed. Let

200 -95 -95 -02 0 0 199.8 -95 -95
A9 =195 201 -95|; AV= 0 02 0|, A=| -952008 -95 @)
95 -95 200 0 0 04 95 —95 2004

The eigenvectors of A and A are, respectively,

1 1 -5 11 -2
u®=11 0 1), U=|1 -32 1} )
1 -1 -5 1 -68 -78

It seen that the perturbation A® is very small indeed, by any matrix norm, compared to the reference
matrix A, Yet, the error it creates in the eigenvectors is not small. Thus, a ‘small’ perturbation of a matrix
with large elements, does not necessarily imply that eigenvector corrections will be small. iJoreover,
under several arbitrary choices of A® all of which are small, very different corrections u{" are obtained,
some small others very large.

In the foregoing developments, only self-adjoint matrices have been considered.
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SMOOTHING AND PARTIAL DERIVATIVES OF TWO-DIMENSIONAL SURFACES USING
REGRESSIVE HARMONIC SERIES
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on leave of the University of Campinas (Brazil)

The problem of smoothing surfaces which can be described as scalar functions of a two-dimensional
domain is classical in image processing . Smoothing techniques can be applied to experimental modal
analysis whenever a large number of transducer locations is used. Smoothing can give a better image of the
mode shapes. Also, it is essential when spatial partial derivatives are sought. Those derivatives are directly
related to angular deflections and can be useful when verifying Finite Element model predictions. Smoothing
techniques can include transformation and median filtering . The latter does not lead to a mathematical
description of the surface and hence is not appropriate for partial derivative extraction, although it can
be used for pre-processing the data when non-Gaussian type of noise is present. Transformation filtering
techniques are based on discrete linear transforms, most frequently the Discrete Fourier Transform (DFT).
The DFT can be efficiently computed using various fast algorithms.

For two-dimensional surfaces z(£, ) the two-dimensional DFT applies and it can be defined as:

1 1M-lN--l 4 .
Xu=gr5 2 3 zmnWi"W5™  (k=0,M~1;1=0,N-1 (1)
m=0 n=0

where zmn i3 the discretized data with constant resolution A¢ and Ay, Wy and Wy are the M*» and N*»

root of unity respectively and X;; are the bidimensional Euler-Fourier coefficients. Conversely, the data can
be expressed as:

M-1N-1
Tmn= Y Y. XuWiWR  im=0,M-1;n=0N-1. (2)
k=0 I=0

Equation (2) shows that a particular two-dimensional Discrete Fourier Series (DFS) with period M in m
and period N in n is the mathematical model used to interpolate z,,. This periodization effect introduces
high-frequency components that account for the sharp edges present in the wrapped-around data. This phe-
nomenon is known as leakage. In the smoothing process leakage is prejudicial as it causes distortion in the
borders of the low-pass filtered data .

Two techniques are presented in this paper to overcome this problem. The first consists of calculating the
two-dimensional DFT with a two-step procedure where in each step one-dimensional DFTs are computed:

M-1
y,,,,-;%zzm,.w;,’"" k=0,M=1;n=0N-1 (3)
m=0
N-1
x,,,:-IIvZY,.,,W,;'"- k=0,M~1;1=0,N-1 (@)
n=0
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case method — DFT | RHS
case 1 max error relative to | 57% | 4.4%
M =16, M = 24 | max exact value [% ]

N =32,N =48 | computation cost 1091 0.12
p=2,q=4 [MFLOPS]

case 2 max error rclative to | 84% | 5.3%
M =32, M = 48 | max exact value (% ]

N =64,N =96 | computation cost 3.96 [ 0.40
p=2q=4 [MFLOPS)

Table 1: Comparison of the two proposed methods: DFT and RHS.

To avoid leakage in the one-dimensional DFTs different methods can be used. In this paper the one-
dimensional data were padded with splines on both extremities so that smooth wrapped around periodic
scquences could be generated. Smoothing is then achicved by low-pass filtering Y and X before perfoming
the inverse DFTs:

Yoe =0 ;k=p+2,p+3,....M—p. and Xpu=0 ;l=¢+2,9+3,...,N—q. (5)

Note that the lines M —p+1,...,M and N — ¢+ 1,...,N correspond to the first p and ¢ negative
frequencies in & and 7 respectively and should not be discarded. The partial spatial derivatives are obtained
by differentiating Eq. (2) with respect to £ = mA€ and n = nAn. Mathematically this can be shown to be

cquivalent. to multiplying Yne by 'ﬁil‘(- and X, by ﬁil" before computing the inverse DFTs .

The second technique also consists of representing the data by a two-dimensionai Regressive Harmonic Series
(RHS). Unlike the DFT, now the original size (length) of the data is not assumed to be equal to the period
and nor does the number of frequency lines:

P 9
Zmn= D 3, XuWH WA +emn im=0,M=1;n=0N-1 (6)
k==pl=~g ’

The length of the data in § is M A£ but the period of the RHS is M > M and p € M. In the n direction
N > N and ¢ € N. It should be noted that Af and An do not need to be constant in this case. The RHS is
an approximation instead of an interpolation of z,,,,, and the Euler-Fourier coefficients cannot be calculated
by the DFT. Rewriting Eq. (6) in matrix form:

2= WnXWy +e U]
The least-squares (LS) solution is given by:
X = (WAWM) T Wk W (W W)™ 8)

where the matrices Lo be inverted have a very small size, (p x p) and (g x ¢) respectively. The smoothed
shape z(*) is obtained from:

) = WuXWy (9)
The spatial partial derivatives in £ and 5 can be easily obtained by multiplying X by ﬁ'A"Eand %

respeclively before using Eq. (9). Both techniques were applied to simulated data with added Gaussian
noise. [llustrative results are summarized in Table 1. The RIS method gives more precise results at a

much lower computational cost. The computational cost was estimated using the number of floating point
operations (FLOPS).
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The problem of finding a surface of the minimum area bounded by a given closed curve in
space was first cast into a variational statement by Lagrange with the following functional:

A=//D J1+wl Fuddedy, (1)

where w(z,y) represents a sutface covering a domain D on the projected (z,y) plane. If
the surface is axisymmetric, the problem may be further simplified as a one-dimensional

formulation as .
A=21r/ 1472 dz, 2)

where 2 is the axis of symmetry and r(z) is the radius function in the range (a,b). That is,
a cylindrical coordinate system is utilized in eq. (2) for an axisymmetric problem.

It is known that the formulation in Cartesian coordinate system, eq. (1), is not convenient
to be used for problems with free boundaries, e.g., a full catenoid surface, because w(z,y) in
eq. (1) must by a single-valued function on (z,y) plane, while eq.(2) is only for axisymmetric
surfaces.

In the present study, a general minimum surface problem, with or without free boundaries,
is cast into a variational statement in cylindrical coordinate system. The functional is written

as
a b
A= [T\ frade [\ flrrids, (3)

ay

where the radius function (6, z) is defined in a range (a, b) on z-axis extending an angle from
ay to a,. The statement §A = 0 leads to the following equation and boundary conditions:

162




In the domain

,a(_rf_\'_l_ir_'z‘.) 6 r" T2+r") ryltre (4)

On the houndary §; where r is not prescribed

oI 7 e

\/m = , —'\—/—--]Tr—,zz—nz = 0, (5)

where ng and n, are the normal cosines on the boundary.

Following a similar procedure outlined in Tabarrok and Xiong (1991), a complementary
“energy” formulation is derived with a functional as

=LT’LbM, M2 +Q?—1d8dz, (6)

where various quantities are related to the function r(6, z) as

”V_I_Jrf M, - Ve 0= VitT: (7)
P T

Similarly, a set of equation and boundary conditions complementary to eqs. (4-5) are
derived from the statement 64 = 0.

Using the functionals developed, finite element analysis may be carried out following
conventional procedures. By incorporating some constraints into the basic functionals, by
means of Lagrange multipliers, the formulations may be further generalized and some mixed
formulations may be developed. This work is presently under study.

Reference

Tabarrok, B. and Xiong, Y., 1991, “Some Variational Formulations for Minimum Sur-
faces,” to appear in Acta Mechanica.
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PERTURBATION METHOD FOR THE EIGENVALUE PROBLEM
OF LIGHTLY DAMPED SYSTEMS
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1. Imtroduction

The motion of mechanical systems is in general described by second-order matrix differential equations
containing symmetric mass, stiffness, and damping matrices. In the dynamic analysis of structures, the
eigenvalue problem of the system is to be solved a priori in order to avoid the resonance or to define the
natural vibration characteristics, in which the effect of damping is often ignored. For the calculation of the
response of the damped system, the damping matrix is generally assumed to be a diagonalizable matrix,
which implies that the eigenvalues are complex but the eigenvectors are still real. To take non-diagonalizable
property of the damping matrix into consideration, we need to transform the second-order matrix differential
equation into the so-called state equation which is a first-order matrix differential equation. The undamped
eigenvalue problem is characterized by symmetric mass and stiffness matrices resulting in real eigenvalues
and real eigenvectors readily solvable by various algorithms. By contrast, the eigenvalue problem of the state
equation, characterized by unsymmetric matrices, results in complex eigenvalues and complex eigenvectors
requiring extensive additional computations. To avoid the computational complexity in the case of light
damping and nonproportional damping, a perturbation method has been used (Refs. 1-4). However, the
algorithms developed in Refs. 1-4 lack expressions for the higher-order terms.

In this paper, an efficient algorithm for the eigensolution of a lightly damped system is developed. To
this end, a perturbation technique is introduced in which light damping is regarded as a first-order term in
magnitude. Once the eigenvalue problem of the undamped system, which in fact is a zero-order problem, is
solved, the higher-order terms which reflect the effect of damping can be obtained from the matrix equations.
It is shown that those matrix equations can be further reduced to simple algebraic equations.

2. Perturbation Method
Let us consider the free vibration of a multi-degree-of-freedom mechanical system as
Mi+eCi+Kz=0 (1)
where z represents the displacement vector, M is an n x n symmetric mass matrix, C is an n x n damping
matrix and K is an n x n symmetric stiffness matrix, and ¢ represents a small coefficient. The eigenvalue

problem described by Eq. (1) can be written in the form

MUQ*+eCUQ+ KU =0 (2)
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where 2 is an n x n diagonal matrix, whose diagonals represent the cigenvalues and / is an n x n matria
containing the eigenvectors in cach column corresponding to each eigenvalue. Light damnping implies that
the eigensolution of the damped system differs only slightly from that of the undamped system, implying
that the eigensolution of the lightly damped system can be expressed in terms of an infinite series expanded
from the cigensolution of the undamped system. Thus, we can write

(o] [+ o]
U=Y Up(Fi+iF), Q=) (G, +ill) (3.b)

$=0 1=0

where i = /=1 and Uy and 2 represent the eigenvector and eigenvalue of the zero-order cigenvalue problem
which amounts to the eigenvalue problem of the undamped system and also satisfying the orthogonality
relationships; UT MUy = I, UT KU = Q3. In expressing Eqgs. (3), the matrices E, and F, are assumed
to have zero diagonals and the matrices G; and H; are assumed to be diagonal matrices. Because U = Up
when € = 0, it can be concluded that Fg = Ho =1 and Fy = Go = 0.

Considering the nth order equation, the following equations for the higher order perturbed terms can
be derived:

Q2E, — EoQ% — 202H, = P, , Q2F, — F,Q2 4+ 202G, =Q, n>1 (5a.b)

where
n—-1n-s

n-1
Pa= =Y (G Gy = I l1n2) = S S IBQY(GCoiny = Hiliy)
=]

i=] y=0
) n-1
~FQ(Gy Humicy + HjGioj)) = Y UJ CUo(EiQ0Gnos-1 ~ Fi0lHn_;-1) (6a)
i=0
and
n-1| n—ln=y
Qn ==Y Q(Cillacy + HiGn) = Y Y [EQYG, Hoizy + 1,Gocsy)
i=0 1=l §j=0
n-1
+F,'Q§(jSn_;_,’ - Han-i-J')] - ng‘CUo(EiQOHn-;-l + F:QOGn—:—l) (66)
i=0

Due to the matrix properties mentioned above, Eqs. (5) can be reduced to simpler algebraic equations.
3. Summary and Conclusions

In this paper, an efficient algorithm is derived by means of a perturbation technique for the eigensolution
of mechanical systems which contain light damping. Compared to previous algorithms developed by various
researchers, the new algorithm is simpler to use and can cope with higher-order terins.
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A Perturbation Technique That Works
Even When the Nonlinearity is Not Small

M. Senator
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The problem of extending the Poincare-Lindstedt technique to
Large nonlinearities has been studied by Shohat,[1] Bellman and
Waters,[2] Jones,[3] Mickens,[4] and Rahman and Burton [5].
Eminhiser, Helleman, and Montroll (6] appear to have first
explicitly stated a successful idea, which is adding balanced
linear terms starting at the zeroth level on the response side of
the equations and at the first level on the forcing side. Hayashi
[7] and Stoker[8] also used the same idea. Since Eminhizer,
Helleman, and Montroll used a computer to do their algebra, they
had no need to find solutions that were accurate at low order. Here
we are interested in preserving the intuition-guiding features of
the Poincare-Lindstedt technique, which means that we have to
adjust the technique so that it gives high~accuracy approximations
at low-order.

We extend the Lindstedt-Poincare small-linearity-based
perturbation scheme to strongly nonlinear systems. This extended
technique can be used to find optimum low-order hand-derivable
periodic solutions at all nonlinearity magnitude. The extended
technique starts from a physically nonexistent neighboring linear
system. This system is created by adding an optimal linear spring
term to the system side of each linear differential equation
starting at the zeroth level, and balancing that term by adding an
equal one to the forcing side one level down. Unlike the Ritz
method, which also works for strongly nonlinear systems, results
can be obtained beyond the first level without resorting to
numerical techniques. Thus, this method keeps the intuition-guiding
straightforwardness of the perturbation method while giving
accurate, beyond-first-level, hand-derivable numerical results.
Examples are presented for free vibrations with cubic and
antisymmetric-~quadratic nonlinearities and for harmonic solutions
of the undamped Duffing equation. The forms of the solutions allow
the regions of validity of the expansions to be estimated. An
internal method of estimating accuracy of the perturbation

166




solutions is developed and checked with the free vibration

examples, whose exact solutions are available. This method is then

used to estimate the accuracy of the new solutions to the Duffing
equation. These new Duffing equation solutions seem to be accurate
in all regions where stable harmonic solutions are known to exist.

In particular, they seem to be accurate at and ncar thoe vertical

tangent to the resonance curve, a region where Hayashi's existing

amplitude-based perturbation solution necessarily breaks down.

We start by studying the problems of free undamped vibrations of
masses on springs with pure cubic, pure antisymmetric quadratic,
linear/cubic, and linear/antisymmetric quadratic characteristics.
These systems are inherently strongly nonlinear, while the third
and fourth can be made so by the proper choice of a parameter. Yet
these systems are simple enough so that third level (second level
for the quadratic springs) perturbation solutions to these problems
can conveniently be found by hand and used to point toward a
general optimization scheme. Since the exact solutions to these
problems are known, the accuracy of the optimum solutions can be
judged. However, more importantly, because the Poincare-Lindstedt
technique allows us to analyze the errors in frequency and in
displacement vs. time response independently, we can develop an
internal method of estimating accuracy that doesn't rely on knowing
exact solutions. We then use the technique to find optimum harmonic
solutions for the system consisting of a mass with harmonic forcing
moving within the origin-centered potential well of a linear/cubic
spring (the wundamped Duffing equation), with neither the
nonlinearity magnitude nor the forcing magnitude required to be
small. The two new hand-derived, parameterized, third level,
optimum harmonic solutions that are found are in forms that allow
their ranges of validity to be estimated. When the accuracy
estimating procedure developed with the free vibrating systems is
applied to these solutions it is found that they are accurate at
and near the vertical tangent to the resonance curve, region in
which Hayashi's varying amplitude perturbation solution (7]
necessarily breaks down.
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Abs tract
The analvtical results of small amplitude solitons have
been obtained in nonlinear lattice approximately The
soliton solution hsve been ;iven in Morse nonlinear
lattice paticularly. The numerical studies of the propagation
of longfitudinal shock wave in Morse lattice also have becen
given, From particple velocity trajectaries of this lattice
we find that the y&dding pulses of shock profile tenq{'to
evolve into a sequenc- of extremly well defined excitations
(solitons) and reach a constant amplitude of approximately
2Uo as shock propagates.We have compared the shape amplitude
ené velocity between the analytical soliton solutions and
the solitons of numerical results in the leading pulses
of the shock profiles We find that for the weak shock wave
both are in good agreeementg'. The relationship between
shock velocity and piston velocity have been obtained for

the weak shock wave
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ABSTRACT

Mullite matrix composites reinforced with SiC whiskers were fabricated
using a sol-gel process followed by sintering or hot-pressing. Composites
containing 15 v% whiskers with a green density of 0.45 of the theoretical were
sintered to a density of 0.85 after 1 h at 1550 °C in an argon atmosphere. Dense
composites for mechanical property measurement were formed by hot-pressing.
For these composites, both the flexural strength and the fracture toughness
increased significantly with the whisker content up to ~ 30 v% whiskers and then
decreased for higher whisker content. The flexural strength was 420 Mpa and
the fracture toughness was 5.7 Mpa-m1/2 for the composite with 30 v% whiskers,
compared to values of 260 Mpa and 2.0 Mpa:m!/2 for the strength and fracture
toughness, respectively, of the unreinforced mullite. Crack/microstructure
interactions were investigated by Vickers indentation of polished surfaces and
observed vy scanning electron microscopy. The dominant toughening mechanisms

were crack deflection and whisker pull-out. The relative contributions of these

two mechanisms were estimated from toughening modeis.




FAILURE MODES IN METAL MATRIX COMPOSITES
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Elevated temperature applications for advanced hypersonic
aircraft and advanced fabrication techniques such as diffusion
bonding and superplastic forming have brought renewed interest
in metal matrix composites for aircraft structures. To
predict the strength and durability of metal matrix
composites, it will be necessary to predict the mode in which
failure occurs, such as net section failure, or shear along
the fiber.

Fatigue failure modes of unidirectional reinforced aluminum
matrix composites have been compared with those found in
titanium matrix composites. The comparison was based upon the
results of tests performed under two Air Force contracts,
"Durability of Continuous Fiber Reinforced Metal Matrix
Composites" (F33616-83-C-3219) and "Thermomechanical Load
History Effects in Metal Matrix Composites"
(F33615-87-C-3219). These tests included detailed optical and
scanning electron microscope studies of failures in aluminum
and titanium matrix composites.
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I. INTRODUCTION

Ceramic materials are chemically and thermally stable at high temperatures,
and this would seem to make them legitimate candidates for high temperature
structural components. However, the brittle nature of the materials makes them
unsuitable for use in applications requiring bending or tensile strength.
Reinforcing the ceramic material with whiskers, or with continuous fibers,
improves the mechanical properties and seems to offer the best hope of developing
reliable high temperature ceramic materials. PFrom a manufacturing viewpoint,
whiskers are the most attractive means of reinforcing a ceramic to improve its
mechanical properties. Any component which can be made from a monolithic powder
can be made with equal ease from a whisker reinforced powder. Continuous fibers
provide better reinforcement, but greatly complicate the manufacturing process.
Intricate parts simply cannot be made with continuous fiber reinforcement. This
paper focuses on the whisker reinforced ceramics. Befors these materials can be
used reliably, the mechanical properties must be well understood, and this
requires both experimental and analytical work.

IX. EXPERIMENT

An experimental investigation was done measuring the ultimate strength and
modulus of cordierite and cordierite reinforced with SiC whiskers. Pour point
bend tests were performed over a range of temperatures from 25°C to 1300°C. At
room temperature the whiskers provided very effective reinforcement, improving
the strength and modulus by more than a factor of two. This improvement degraded
rapidly as the temperature was raised. At high temperatures, there was little
difference between the mechanical properties of the cordierite and those of the
whisker reinforced cordierite. The experimental results are summarized in
Table 1.
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Table 1. Experimental Results for Cordierite

Ultimate Strength (MPa) Modulus (GPa)
Temperature (°C) 25 | 1000 | 1200 | 1300 | 25 | 1000 | 1200 | 1300
Cordierite 55 63 61 72° 45 32 10 o’
60 84 85 55 50 25
Cordierite with 308 | 160 | 121 81 52° | 110 40 8 o’
Whiskers 180 | 162 | 10s 130 55 18

‘considerable viscous flow at 1300°C.

III. ANALYTICAL MODELING

Two analytic models were developed to explain why the mechanical properties
of the whisker reinforced materials are degraded at high temperatures. In the
modeling it was assumed that a friction bond existed between the matrix and the
whiskers. Thus, the bond strength would be limited by the coefficient of
friction multiplied by the normal stress. Ceramics are processed at high
temperatures, and the normal stress comes from the thermal expansion mismatch
between the whiskers and matrix when the material is cooled. Because of this,
the friction bond is strong at low temperatures and weak at high tempsratures.
It is the reduction in the bond strength which causes the mechanical properties
to be degraded at high temperatures.

A cylindrical gecmetry was used in developing the model, as illustrated in
Figure 1. Due to syametry only half the whisker iength was modeled. The load
P is applied to the matrix and transferred across the interface to the whisker.
Slipping occurs along portion 1, and no slipping occurs along portion 1. The
first model developed was based on a mechanics of materials approach with an
empirical constant. In developing the second model, a more rigorous approach was
used for the mechanics and the empirical constant was eliminated. Both models
agree favorably with the experimental data. Parametric studies were done with
both models to show how each parameter affects the mechanical properties.
Pigure 2 shows the effect of the processing (or heat treatment) temperature on
the modulus of a whisker reinforced ceramic. The modulus ratio plotted is the
composite modulus divided by the matrix modulus. Note that the high temperature
performance of the material is greatly improved by raising the processing
tauperature. This suggests that the material should be haeat treated to as high
a temperature as possible without destroying the microstructure.
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The behavior of a composite material depends on the properties of its constituents,
namely the fiber, the matrix, and the interphase between the matrix and the fiber. The
strength and the stiffness of the composite are determined by the fiber, while the matrix
determines much of the shear and compressive properties. The interphase determines
the off-axis properties and how the loads are transmitted from the matrix to the fiber.

The requirements on the strength of the interphase are conflicting in nature. For
example, a strong interphase is a requirement for high shear strength of the composite.
On the other hand, in the case of brittle fibers, for improved fracture toughness it is
desirable that the interphase is weak enough so that the fiber cracking is followed by
debonding from the matrix. A strong interphase may allow the crack in the fiber to
continue across the interphase and into the matrix. One hence needs to fully understand
the effect of the interphase on the mechanical performance of a composite.

The interphase/interface between the fiber and matrix has been modeled as a
perfect bond (Gupta, 1973), distributed and uncoupled normal and shear springs (Gecit
and Erdogan, 1978, Kaw and Goree, 1990.a,b), distributed shear springs only,
homogeneous (Gecit and Erdogan, 1978) and nonhomogeneous continuum (Delale and
Erdogan, 1988). In this study, the interphase is modeled as a nonhomogeneous con-
tinuum.

The geometry of the composite consists of an infinite strip (fiber) bonded to two
half planes (matrix) through an infinite strip (interphase). The three materials are linearly
elastic, isotropic and dissimilar. The fiber and the matrix are homogeneous, while the

" Unlimited use of IBM 3090 supercomputer at USF, Tampa is acknowledged.
2 Assistant Professor
* Graduate Student
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interphase is considered to be nonhomogeneous. The interphase material properties
namely Young's modulus and Poisson’s ratio are assumed to vary exponentially along the
thickness of the interphase. The properties may be continuous at the interfaces at the
fiber and the matrix. The fiber is assumed to have a symmetric crack. The perturbation
problem of a uniform pressure on the crack is solved by using the Fourier transform
techniques. The resulting solution is obtained in terms of a Cauchy singular integral
equation, where the slope of the crack opening displacement is the unknown variable.

For the nonhomogeneous interphase, the influence of interphase thickness, crack
length, fiber radius, moduli of the matrix and the fiber, on parameters like the stress
intensity factor, the normal and shear stresses at the interfaces, and the load diffusion
along the length of the fiber are studied. it is found that the stress intensity factor
decreases as a function of the interphase thickness, if the fiber is stiffer than the matrix.
The stress intensity factor increases as a function of the interphase thickness, if the matrix
is stiffer than the fiber. Also, if the matrix is stiffer than the fiber, the cleavage stresses in
the matrix initially increase as a function of the interphase thickness. This result is
important in understanding that thin interphases may cause high cleavage stresses in the
matrix, and perhaps assist in continuing the crack across the interphase.

The results from the nonhomogeneous model are then compared with other
models mentioned above, namely the perfect bond, the shear and normal springs, the
shear springs only, and the homogeneous continuum. In the case of a crack in a fiber
stiffer than the matrix, the continuum interphase models give distinctly higher values for
the interface cleavage stresses and lower values for the stress intensity factor, than the
spring model interphase models. Correspondingly, in the case of a crack in a fiber less
stiff than the matrix, the continuum and spring interphase model results are quite similar.
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STRUCTURAL RESPONSE OF COMPONENTS USING
VISCOPLASTIC MODELS

V. K. ARYA
(University of Toledo)
NASA-Lewis Research Center
Cleveland, Ohio 44135, USA.

ABSTRACT

Finite element solution technology developed for use in conjunction with
advanced viscoplastic models is described. The development of such solution
technology is necessary for performing structural and life analyses of engineering
structural problems where the complex geometries and loadings make the
conventional analytical solutions difficult. The versatility of the solution
technology is demonstrated by applying it to viscoplastic modcls possessing
different mathematical structures and encompassing isotropic and anisotropic
materials. The models selected for demonstrational purpose are those developed
by Robinson (1982), Freed (1988) and Robinson (1990). The computational results
are shown (wherever possible) to qualitatively replicate deformation behavior
observed in experiments on prototypical structural components.

The observed interaction between creep and plastic deformation at high
temperatures has led to the development of a number of viscoplastic models. These
models treat all inelastic strain as a single time-dependent quantity, and thus,
automatically include creep, relaxation and plasticity interactions. Viscoplastic
models are intended to provide realistic descriptions of high temperature,
time-dependent, inelastic behavior of materials. Their mathematical structure,
however, may be very complex. The highly nonlinear and mathematically “stift”
nature of the constitutive equations makes closed-form analytical solutions
virtually impossible. It is, therefore, of the utmost importance that suitable (finite
element or other numerical) solution technologies be developed to make these
models adaptable for realistic structural and life analyses of these components.

This paper illustrates the application of some of these solution technologies
with regard to the three viscoplastic models. These models have different
mathematical structures and encompass both isotropic and anisotropic (for
example, metal-matrix composite) materials. The intent of the paper is to
familiarize the researchers and designers in the industries with the applicability of
these models in engineering structural problems. It is expected that the results
from the present work will stimulate the use of realistic viscoplastic moculs for
better and more rational designs of components.

The finite element analyses for the uniaxial and multiaxial problems were
performed using the finite element program MARC (1988). The nonlinear
constitutive relationships of the viscoplastic models are implemented through the
user subroutine, HYPELA. The stiff nature of the constitutive equations requires
smart and ecfficient time-integeration strategies for their integration. The
integeration strategy employed for the present computations is described in Arya
et al. (1986).




Several uniaxial and multiaxial problems were analyzed. Good agreement
between the experimental and predicted hysteresis loops for uniaxial
thermomechanical loadings confirms the correct finite element implementation of
the viscoplastic models. Using this ’‘validated’ implementation, finite element
analyses were performed for the multiaxial problems. It is seen that viscoplastic
models are capable of describing thermal/mechanical phenomena observed in
experiments. The versatility of the finite element solution technique described is
demonstrated by applying ‘t successfully to three diferent types of viscoplastic
modeis.
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STRESS ANALYSIS OF SILICON RIBEBON CRYSTAL GROWTH

Oscar W. Dillon, Jr., Department of Engineering Mechanics,
University of Kentucky, Lexington, KY., 40506

When silicon crystals are produced in the form of very thin
sheets. called ribbon, they Ffrequently 1look 1like the common
potato chip. This buckled shape occurs because there are non-
uniformly distributed residual in-plane stresses in the very thin
plates. The stresses in turn developed because the nonuniform
temperature Ffields used to cool the material +From the molten
state cause the material to exzceed the local yield stress.

The material is modeled as a viscoplastic substance with an
internal variable (dislocation density). The model needs to be
applicable to a wide range of rates and temperatures.

While in metals dislocations are considered helpful because their
interaction causes the material to work harden, in semiconductor
applications they are harmful to the electrical performance of
the device. Thus the control of the internal variable used 1in
the response function is of very great value in another context
as well. Since the dislocation density must be low, the values
of this parameter are considerably below the domain represented
by those encountered in metals. In turn this means that the
dislocation density changes that are encountered are very large
compared to the initial values and must be considered.

It is assumed that the gilicon solidifes with a very low
dislocation density. A comple: stress field develops that far
exceeds the 1local yield condition which in turn causes the
dislocation density to multiply and the plastic strain rate to
increase. It is found that a new type deformational instability
develops. when one considers this changing microstruture. This

instability limits the width of crvstal that can be grown with a
prescribed cooling profile.

This presentation will be an overview of the mechanics
considerations of this praoblem. It is probably significant to
note that LARGE scale commercial applications of this technology

are being contemplated by two industrial giants as solar power
sources "even as we speak”.

This work was sponsored by the Department of Energy via
subcontracts from the Jet Propulsion Laboratory and the Solar
Energy Research Institute. Many colleagues have contributed to
the research that is summarized in this presentation.
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TIME RATES OF GENERALIZED STRAIN TENSORS

Mike Scheidler
US Army Ballistic Research Laboratory
Aberdeen Proving Ground, Maryland  21005-5066

Generalized Lagrangian and Eulerian strain tensors of the type introduced by Hill [1] are considered. We
present some new formulas, both approximate and exact, for the time rate of change of these strain tensors
in terms of the stretching and spin tensors. These general results, when applied to the logarithmic strain
tensors, yield improved ver:ions of approximate formulas due to Hill[1] and Gurtin and Spear(2], and a class
of exact formulas which include those of Hoget[3]. As an application of the approximate formulas, we discuss
the error in the approximate rate form for isotropic elastic materials used in many hydrocodes.

(1] R. Hill. Aspects of invariance in solid mechanics. In C.-S. Yih, editor, Advances in Applied Mechanics,
volume 18, pages 1-75. Academic Press, New York, 1978.

[2] M. E. Gurtin and K. Spear. On the relationship between the logarithmic strain rate and the stretching
tensor. International Journal of Solids and Structures, 19:437-444, 1983.

(3] A. Hoger. The material time derivative of logarithmic strain. International Journal of Solids and Struc.
tures, 22:1019-1032, 1986.
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A CONTINUUM DAMAGE MODEL FOR RIGID
POLYURETHANE FOAM*

M.K. Neilsen®! and H.L. Schreyer?
1Senior Member of Technical Staff, Engr. and Struct. Mechanics Div.
Sandia National Laboratories, Albuquerque, New Mexico 87185
1Doctoral Student, 2Professor, Dept. of Mechanical Engineering
University of New Mexico, Albuquerque, New Mexico 87131

SUMMARY

Rigid polyurethane foams consist of interconnected polyurethane struts or plates which form
cells. These foams are often used in impact limiters for shipping containers which protect
the contents from damage during accidents. During a shipping container accident, the foam
is expected to absorb a significant amount of energy by undergoing large inelastic volume
reductions. A continuum damage model for polyurethane foams that can be used in finite
element analyses of shipping container accidents has been developed.

Polyurethane foam behaviors have been both analytically and experimentally evaluated
(Gibson and Ashby, 1988). A typical load-displacement curve for polyurethane foam sub-
jected to uniaxial compression is shown in Figure la. The initial elastic regime is followed
by a plateau regime in which the load required to crush the material remains nearly con-
stant. As the foam is crushed, cell walls are damaged, laxge permanent volume changes
are generated, and the elastic stiffiness of the foam decreases. As additional load is applied,
the cell walls are compressed against neighboring cell walls, and the stiffness of the foam
actually increases and approaches a value equal to the stiffness of solid polyurethane.

A number of researchers (Gibson and Ashby, 1988, and Warren et al., 1989) have studied
the elastic behavior of foams using a micromechanical approach. In these studies, equations
were developed that related the elastic constants to parameters that defined the geometry
of a typical cell (i.e., the thickness of the cell wall and length of a typical cell wall section).
Equations that define the critical load beyond which the behavior is no longer linear elastic
were also developed by these researchers. Significant extensions to these micromechanical
approaches would be needed to investigate inelastic behavior.

* This work, performed at Sandia National Laboratories in Albuquerque, New Mexico, was
supported by the United States Department of Energy under Contract DE-AC04-76DP00789.
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Figure la. Foam Response. Figure 1b. Skeleton Response and Polymer/Air Response.

A plasticity model for rolyurethane foam (Neilsen et al., 1987) was developed using a
phenomenological approach to capture not only the elastic response of foam but also the
permanent deformation generated when these materials are subjected to crushing loads.
However, this model was not able to capture the stiffness variations that are generated;
thus, a foam model based on continuum damage mechanics was recently developed.

Continuum damage models have been used to describe the behavior of a wide variety of
materials from concrete to metals. A complete description of continuum damage models can
be found in Kachanov, 1986, or Krajcinovic, 1989. Here a continuum damage approach is
used to capture not only the elastic response of a foam but also the permanent deformation
and damage that are generated during crush. The foam model is based on a decomposition
of the foam into two parts: a skeleton and a diffuse continuum in parallel (Figure 1b). The
continuum is not activated until the voids present in the foam are closed. A continuum
damage model is used to describe the behavior of the skeleton. This damage model is
expressed in terms of principal stresses. As the skeleton is crushed, the cell walls are
damaged resulting in both permanent deformations and a reduction in the stiffness of the
skeleton. At some strain level the volume fraction of solid material approaches 1.0, and
the continuum part of the model begins to carry a significant amount of load. Thus, the
foam stiffness actually increases even though the skeleton stiffness continues to decrease.
The new model was implemented in both static and dynamic finite element codes. Finite
element analyses of a shipping container accident will be presented.
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A STRAIN-STRESS FORMULATION OF THE CONSTITUTIVE LAW
FOR INCOMPRESSIBLE, HYPERELASTIC SOLIDS

Janet A. Blume and David Reynolds
Division of Engincering
Brown University
Providence, Rhode Island 02912

Abstract

In a usual constitutive formulation for nonlinearly elastic materials, one prescribes stress
as a function of strain, through a stress-response function. The constitutive response for
a class of materials may be described instead by a strain-response function, which gives
the right Cauchy-Green strain tensor as an algebraic function of the 2" Piola-Kirchhoff
stress tensor. Such materials are referred to as stress-determined materials. This type
of material characterization proves to be an effective way of handling the constraint of
incompressiblity.

Stress-determined matcrials which do not dissipate energy in any stress cycle are said
to be hyperelastic, and this implies that the strain-response function is the tensor-gradient
of a scalar function of the 2" Piola-Kirchhoff stress. Incompressible materials in this
class arc those for which the right Cauchy-Green strain-response function cvaluates to
tensors with unit determinant for all values of its argument. Conditions on the strain-
response function and the generating scalar potential that are necessary and sufficient for
incompressibility are derived. These condidtions are in the form of restrictions on the
way these functions depend upon their arguments. For the subclass of incompressible
materials with invertible strain-stress relations, it is shown that the motion determines
the stress in a constitutive sense only to within an arbitrary pressure field. The existence
of this undetermined proessiire field is generally assumed in a traditional formulation of
incompressible hyperelastic materials.
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Eshelby’s Tensor in Materials of Gr: 2

Marcelo Epstein®* and Gérard A. Maugin**

The theory of material uniformity can be used as a framework for the geometric
description of continuous distributions of dislocations. Within such a framework it is
possible [1, 2] to obtain a measure of the forces associated with the inhomogeneities in
terms of a rigorously defined tensor of Eshelby. It appears, however, that as long as the
analysis is restricted to simple elastic materials, continuous distributions of disclinations
would be ruled out. In the present work we, therefore, extend the formulation to grade 2

materials and show that, associated with the appearance of a new field of material

isomorphisms, a new Eshelby tensor can be naturally defined. This new tensor is then

shown to satisfy an identity which is a generalization of its counterpart as presented in [1, \

2).
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DERIVATION OF HIGHER ORDER GRADIENT CONTINUUM THEORIES
FROM DISCRETE MICROSCOPICAL MODELS

By:

Nicolas Triantafyllidis
Aerospace Engineering Dept.
The University of Michigan
Ann Arbor, Ml 48109 - 2140

A wide range of solids exhibits localization of deformation (in the
form of shear bands) when adequately stressed. Within the classical
continuum mechanics framework, where the strain depends solely on the
deformation gradient, the onset of localization is characterized by the loss
of ellipticity of the governing equations for the corresponding boundary
value problem. The classical nonlinear continuum models provide no size for
the localization of deformation zone, thus rendering the numerical study of
the postlocalization behavior difficult and stronlgy dependent on the
employed finite element mesh.

One way to correct the aforementioned shortcomings in order to
permit the study of the postlocalization behavior for these solids is to
introduce a higher order gradient in the model, thus abandoning the
classical local action hypothesis. Various such phenomenological continuum
models have been proposed which give a satisfactory description of the
evolution of the postlocalization behavior for the solids in question. The
purpose of this work is to provide a consistent method to derive those
higher order gradient continuum models from the corresponding
microscopical models.

In this presentation a one dimensional microscopical model of
nonlinear springs is "averaged up" in order to provide the corresponding
nonlinear continuum theory with the higher order gradients in the
displacement. The resulting continuum rnodel where only up to second order
displacement gradients have been retained, is employed to solve the
boundary value problem of the stretching of a finite length bar. The results
are compared to the solution of the discrete model with the same length. An
excellent agreeement is found between the exact discrete model and the
second order gradient continuum model up to the full development of the
localized deformation zone. The continuum model encounters difficulties in
modelling the propagation of the localized zone past a certain strain for a
class of materials.
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HYPER-ELASTIC BODIES WITH COUPLE STRESSES

Gautam Batra
212 Bancroft Hall
Department of Engineering Mechanics
University of Nebraska-Lincoln
Lincoln, NE 68588-0347

In ordinary applications of continuum mechanics, one frequently assumes that all
torques arise as moments of forces. It is possible to allow greater generality in assumption
by supposing that the action of part of a body on one side of an imagined surface on the
part of the body on the other side of it is equipollent to the action of a traction field as well
as a field of couples. This field of couples gives rise to couple stresses. In polarized media
an electromagnetic field, say, may exert couples which are independent of forces, thus
supplementing body forces by body couples.

We review results from the recent literature on this subject. Variational formulations
and the effects of internal constraints are emphasized.
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EFFECT OF INJECTED BUBBLEs ON LIQUID FLOW
VELOCITIES IN AN AGITATED MIXING VESSEL

Gary K. Patterson, Chemical Engineering Department
University of Missouri-Rolla

Comparisons of experimental measurements of liquid velocities in
the presence of bubbles and of numerical simulations of the same
systems showed close correspondence of the effects of the
bubbles. The measurements were made by laser-Doppler anemometry
in a stirred vessel with gas sparged in through small holes below
a radial flow (Rusliton) impeller. At the bubble density where
reliable measurements could be made, the effects on 1liquid
velocities were small but evident. The effects in the
simulations were very similar. Simulations at much higher bubble
densities (higher gas injection rates) showed very strong effects
on liquid velocities, particularly near the vessel wall. Where
the bubbles are in high concentration, their upward movements
drag liquid upward at increased velocities.

Even though detailed liquid velocities from experiment were not
available at the high gas injection rates, correlations of
experimental gas bubble distributions and of total gas bubble
holdup in the vessel were compared with the predictions from the
simulations. The holdup levels were of approximately correct
values, but the variations with gas injection rate did not have
the correct slope. Future simulations must better account for
bubble-bubble interactions in order to improve this aspect.

185




A NUMERICAL SOLUTION FOR TW(O-DIMENSIONAL
FLOW PAST A FINITE STEP

Bashar S. AbdulNour
Asgistant Professor
Department of Mechanical Engineering
University of Wyoming
Laramie, WY 82071-3295

‘The steady, viscous, incompressible, two-dimensional, confined fiow past a finite step is considered in this study. The
problem is modeled as a laminar flow in the entry region of a rectangular channel with uniform inlet velocity upstream
and a fully-developed parabolic profile downstream, as illustrated in Fig. 1. Flows in the pressnce of obstructions are
identified with separation. When a finite step is fixed to the channel’s lower boundary, distinct separated regions with
pronounced eddies of recirculating fluid are developed on both sides. The main purpose of this investigation is to provide
a detailed description of the flow field by solving the describing equations of motion.

The solution can be obtained numerically by considering the continuity and the Navier-Stokes equations along with the
appropriate boundary conditions. The vorticity-stream function formulation is selected for the treatment of the problem.
For two-dimensional flows, the z-component of the vorticity vector is defined as {(x,y,t) = dv/dx - du/dy, and the stream
functicn W(x,y,t) is introducc 1 thzough: u = dy/dy and v = - Jy/Ox, where u and v are the velocity components in the x-
and y-directions, respectively. This approach is attractive since it reduces the number of equations to be solved from three
to two; and, second it ensures that the continuity equation is automatically satisfied. From substituting the above
definition for v into the expression of { and the Navier-Stokes equation, we obtain the Poisson-type stream function
equation and the z-component vorticity equation, respectively, i.e.,

ﬂ-’-.azlu.c .a—c.-ﬁ-?-“—’.g-g-?._v.gs.s-l- 22&+_a:£'.
2  o52 ’ N dy ox dx Iy Re\oax2 o9y

where the Reynolds number Re = HU/v; H is the channel height, U is the velocity at the inlet, and v is the kinematic
viscosity. The result is a nonlinear system of two dimensionless partial differential equations which involve the two
unknowns { and y. The time derivatives are retained in the equations since the time marching numerical methods require
the presence of the time d-rivatives. In such a case, the time is fictitious and each time step is equivalen: to an iteration.
The soluuon of the unsteady equations for large time is considered to be the solution to the steady-flow problem.

To obtain a solution to the above describing equations, we must prescribe the appropriate initial and boundary conditions.
In dimensionless terms, the inlet is identified to exist at x = 0, the lower boundary at y = 0, and the upper boundary at y
= |, The location of the downstream boundary is chosen at x 2 L, where L is the entrance length defined as the distance
from the inlet to the point where the centerline velocity reaches 99% of the fully-developed parabolic centerline value,
The initial conditions are derived from the quiescent state; they are given in terms of the stream function and the vorticity
as y(x,y,0) = y and {(x,y,0) = 0. The velocity boundary conditions are the prescribed velocities upstream and far
downstream, and the no-slip boundary conditions on both the lower and upper boundaries. 2'he boundury conditions on
§ and  are derived from the known velocity boundary conditions. These boundary conditions are summarized below.

vOyD=y, wxEy)=3y2-2y3,  yx00)=0, yix,10=1,
LOyD=0, Loxy=12y-6,  {x0H=- 2L, Cain=- ¥,
y? dy?

In the presence of a step, boundary conditions on the lower boundary must be modified. While y on the lower boundary
remains equal to zero, the vosticity on the upstream and downstream faces of the step becomes {(x,y,t) = - 3%y/dx2. The
advantage gained by eliminating the pressure and its boundary conditions from the describing equations shows up as a
difficulty in expressing the boundary conditions on the vorticity. On the lower and upper boundaries, these boundary
conditions are not known explicitly. However, they are modified for subsequent use in the numerical solution by
expanding in a Taylor series to express the second order derivatives at the wall in terms of the stream function and
vorticity at nodal points adjs.cent to the wall. The above procedure yields the well known Woods® condition.
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The finite-difference approximation is selected to solve the describing equations numerically. The finite-difference
equations are obtained from the partial differential equations of motion using second-order discretizations. After
expressing the initial and boundary conditions in finite-difference form, a solution to the system of equatiors can be
pursued to yield the vorticity and the stream function. From this information the velocity field can be calculated, The
Alternating-Direction Implicit (ADI) method is used to solve the vorticity equation while the iterative Successive Over-
Relaxation (SOR) method is used to solve the stream function equation. The present numerical solution is second-order
accurate in its entirety since both the difference equations and boundary conditions have second-order accuracy. For
large Reynolds munbers, however, it is essential to ensure the stability of th? numerical solution by maintaining the
diagonal dominance of the system of equations. An upwind differencing applied to the convective terms in the vorticity
equation helps avoid numerical instability. Second-order accuracy is then recovered at convergence via a correction
technique. The power of this ADI/SOR computational scheme lies in the structure of the difference equations, which for
all Reynolds numbers, yields a diagonally dominant system of linear algebraic equations. The use of accelerating
parameters artificially inserted into the difference equations, can further improve the convergence characteristics of the
numerical procedure; such parameters expand the domain of convergence and improve the computational speed as well.
The optimum values of these parameters deperd on the shape of the computational domain, mesh size, and the Reynolds
number. They are determined primarily by numetrical experimentation.

A computational grid is constructed with a mesh size carefully selected since the total number of nodal points is limied
by the available computer capabilities. A rectangular grid with lines parallel to the x- and y-axes, is superimnposed to
exactly fit the geometry of the flow problem. The vorticity, stream function, and velocity components are calculated at
each nodal point for Reynolds numbers ranging between 20 and 2000. A uniform grid with a spacing size h = 0.05 is
nsed. To ensure that the solution is not influenced by the downstream boundary cundition, we select the location of the
downstream boundary sufficiently larger than L., such that the solution at the downstream end does not depend on x; the
number of meshes in the x-direction is «qual to Re/(20 h). Convergence is attained by advancing the solution in time until
it no longer varies significantly. An error criterion is used 1o decide whether additional time steps are necessary; a
tolerance enor € = 104 is selected as a condition for convergence. The finite step of variable height and length is defined
to exist between the streamwise locations x = X, and x = X, along the lower boundary. As a result, the flow becomes
separated before and aft of the step. The size of these separated regions depends on the Reynolds number, the height (B),
and length (D) of the step; the separated region upstream of the step is considerably smaller i size than that aft of the step.

Results demonstrated that for a fixed step locaticn X, in the range of Re considered, the length L, of the separated region
in front of the step appears to be uninfluenced by an increase in D while the length L, of the separated region aft of the
step is slightly decreased with an increuse in D. Conversely, increasing the height of the step causes the size of the aft
separated region to increase, as expected. In both of the above cases, the length of the front separated region is observed
to be somewhat fixed with value L, ~ 0.10. The size of the separated regions is unaffected by the streamwise location of
the step. This result is confirmed by placing the step further upstream and in the fully-developed flow region. The
increase . the Re is accomjanied by an increase in the length of the separated region aft of the step. The size of the
separated region upstream of the step, however, seems to be relatively independent of the Reynolds number. Vorticity
¢tours show that the changes in the flow field are most pronounced in the vicinity around the step. Velocity vectors
also emphasize that the velocity gradients are high in the vicinity of the step as exhibited by the direction of the vectors.
In addition, streamwise velocity profiles reveal that the presence of a step has an upstream effect on the shape of the
velocity profile and that the velocity distribution becomes parabolic at a sufficient distance downstream. A typical flow
streamlines exhibiting the separate! regions are shown in Fig. 2 (AbdulNour, 1990%).

UY t Inviscid Core  Parabolic Profile

Viscous Flow Il [

s -

. D4 x
Uniform Profile X, X,
Figurel. The flow problem in a two-dimensional Figure 2. Flow separatinn due to a finite step; X; = 1.0,
channel with a finite step. B =0.20, D = 0.05, Re = 200.

$  AbdulNour, B. ., 1990, "The Numerical Solution of Confined Laminar Flow Past n Moving Boundary”, Ph.D. Dissertation,
Department of Mechanical Engineering, Michigan State University, East Lansing, M1
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TURBULENT PIPE FLOW OF A PARTICULATE SUSPENSION

Manohar Gadiraju,l’? John Peddieson, Jr.,?
and Sastry 8. Munukutla?:3
ipristol Babcock, Inc., Watertown, Connecticut 06795
2Departnont of Mechanical Engineering and 3Center for Elactric
Power, Tennessee Technological University, Cookeville,
Tennessee 38505

This paper deals with fully developed, stezady, vertical,
turbulent flow of a particulate suspension in a circular pipc of
radius a due to a pressure gradient G and a gravitational force per
unit mass g. The particle phase exhibits a small volume fraction
and a uniform in-suspension density Pp- The fluid phase is an
incompressible liquid of density p and dynamic viscosity u (or
kinematic viscosity v=u/p}. The suspension exhibits a linear
interphase drag mechanism characterized by a momentum relaxation
time 1.

The flow problem described above was simulated by solving the
boundary value problem

((1+vt)rv')'/r+xa(vp—v)-4(k—1),((B+ﬁht)rvp')'/r+a(v—vp)-4k (1)

V7 (0) = vy’ (0) V(1) =vpy(1) =0 (2)

In (1) and (2) r is a radial coordinate coordinate (normalized by
a), a prime denotes differentiation with respect to r, v and v_ are
the velocities of the fluid and particulate phases (normalized with
respect to the characteristic velocity v¢=Ga2/(4n)) respectively,
B is the particle phase kinematic viscosity (normalized by »), Ve
and v, , are ‘the kinematic eddy viscosities of the fluid and
particulate phases (also normalized by v) respectively, and

a=a?/{vt), « =pp/p, N=pg/C (3)

Equations (la,b) are the axial balances of linear momentum for the
fluid and particulate phases respectively, (2a,b) are the
centerline symmetry conditions, and (2c,d) are ‘*he wall no-slip
conditions ((2d) being used tentatively (lue to lack of definitive
information about particle phase surfacz corditions). The boundary
value problem consisting of (1) and (2) was soived by an iterative
finite difference approach.
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Numerical solutions were obtained using four different
algebraic two phase turbulence models reported in the literature
({1),021,[3),[4)). Predictions of velocity profiles and friction
factors were found to exhibit considerable model dependence,
indicating a need for further work in two-phase turbulence
modeling. The numerical method was found to work well for all
models.

Figures 1 and 2 show some typical velocity profiles computed
using the Melville~Bray model. Here the velocities v ai 1 v, are
normaiized by their mean values Vv and VvV, respectiwv:ly and
Re,=(2av_./v)V. As expected, the degree of equilibrium between the
phases 1ncreases with the inverse stokes number a. It is
interesting that the velocity profiles of both phases become less
uniform as the particle loading x is increased.
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STEADY VISCOUS LAMINAR FLOW IN AN ANNULAR HELICOIDAL PIPE

H. C. Topakogiu and H. P. Mohamadian
Mechanical Engineering Department
Southern University, Baton Rouge, LA 70813

The solution of the secondary flow stream function ir: a helicoidal pipe of circular annular
cross section based on the first term of the expansion of secondary flow is obtained. For a
selected set of parameters oi the flow, the strcam lines are plotted. It is found that in four
different regions of the cross section, different types of stream lines are developing. These regions
and the types of stream lines are discussed.

Introduction

A literature survey including Berger, Talbot & Yao {1] and Kaka-, Shah & Aung (2]
indicates that the solution of the secondary flow stream function in a hsticordal pipe of annular
cross section is not presently available in engineering publicationz. The subject, besides its
obvious scientific interest, has considerable engineering applications especially in hent exchangers
using helicoid.i annular pipes. In the case of an ordinary curved pipe of annular cross section,
the secondary flow stream function and the shape of the stream lines have been given by
Topakoglu [3). In this paper, the torsion effects on the secondary flow stream function for a
helicoidal annular pipe in addition to the curvature effect are presented.

Analysis

The basic formulation and analysis of a viscous flow in a helicoidal pipe of full circular
cross section is presented by Topakoglu and Lee [4] In that wesk, the flow parameters; the
primary flow dimensionless velocity component w, anc the secondary flow dimensionless stream
function y are expanded in terms of a combined parameter of curvature and (orsion () as

wEW, AW =AW+ . .and Y=y, + A%y, + .. where A= (l/o)xosla (1)

in which o and o are dimensionless radius and the helix angle of the center luie helix of the
helicoidal pipe, respectively. Following the formulation o refersnce [4] the first term of the
expansion of the dimensionless secondary stream fuaction after separating the torsion part as

¥ = ¢, + yjlane 2
satisfics the following set ur differential cquations:

Vi, = (wo)), . Vi = 2Viw, 3)

where w, indicates the dimensi. less + : locity fr: 2 straight pipe of a:nular cross section and V*
and V*represent the Laplacian and Rilaplacian operator in the plaae of the cross section of the
helicoidal pipe, respectively. Vhe subscript x indicates the partial differentiation with respect to
this variable v hich represents the dimensionless vertical rectangular coordinate in the plane of the
cross section. The solutions of the Equ. (3) are subjected to the following boundary conditions:
forr=1 ¢,=0, d,/Or=0 ang x,=0, dyr=0 @)

in which r indicatee tae dimensionless radial coordinate in the cross section of the helicoidal pipe.
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The solutions of Equ. (3) under the specificd boundary conditions (Equ. 4) arc obtained as
¢, = g(n)sin 6 and X = &) ®)

where 0 represents the polar coordinate in the plane of the cross section and g,(r) is a function
identical to the dimensionless stream function of a curved pipe as given in the reference [3). The
part x, represents the torsion effect on the stream function and is equal to

e, = -(ke/8)(1-P) 6
in which Re represents the Reynolds Number of the flow as defined in the reference [3].

Results and Discussion

On tie basis of the obtained functions ¢, and ¥, typical secondary flow stream lines arc
plotted and presented in Figure 1. The following selected parameter were used:

Centerline helix angle o = 45%
Dimensionless core radius « = 0.2; Reynolds
number Re=100.

It has been found that the torsion
effect is completely modifying the
symmetrically arranged quadn.ple secondary
fiow vortices of an ordinary cu:ved pipe [3]
into a non-symmetric configuration, in which
the cross section is divided into four distinct
regions. In the first region imme..iately next
to the corc the streamlines are <iccle like
closed lines enclosing the core. The second
region contains a group of major vortices
which are positioned above the core. The
next region, the streamlines again exhibit
circle like closed lines enclosing the major |[Figure 1. Flow Stream Lines of on Annular Helcoidai
vortices and the core. In the remaining region Pipe for x=45", v =0.2, Re=100
of the cross section which is positioned below
the core a groun of minor vortices are formed. The orientation of the cross section in Figure 1
is such that t.2 vertical direction corresponds to the axial direction of the cylinder on which the
helicoidal pipe is based.
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"BURGERLENT' CONCENTRATION SPECTRA IN THE HIGH
WAVENUMBER REGIME FOR Sc= 0.1, 1.0, 10

Weiguo Zheng and X B Reed, Jr., Chemical Engineering Department
University of Missouri-Rolla, Rolla, MO 65401-0249

Kolmogorov’s universal statistical equilibrium hypotheses prevail at sufficiently high turbu-
lence Reynolds numbers. The behavior of the high wavenumber part of the fluctuating ve-
locity measurements is k-3, as predicted for the inertial subrange; the behavior of the viscous
cutoff at still higher wavenumbers is somewhat less clear. High wavenumber temperature and
concentration spectra can not be measured because of inadequate spatial and temporal resol-
ution at high Re. They can not be computed with sufficient resolution on the current gener-
ation of supercomputers, cither. Conscquently, it is not possible to decide amongst the
theories (which depend upon Pr/Sc in the two spectral ranges) of Batchelor, Batchclor,
Howells, and Townsend, and Gibson.

Burgers” cquation has been studied widely in theoretical turbulence as a onc-dimensional
paradigm for the Navier-Stokes equations [1 — 3 and references therein]. We consider a ran-
dom passive additive field, here called ¢ for concentration, convected by random: solutions to
Burgers’ equation

u + uu, = Re”uy, ()

in the following two versions,

¢ + uc, = Petec,, ¢ + (uc), = Pelc, (2),(3)
in which Pc=ScRe. Initially, Re=400, and two values of the Schmidt number are considered,
Sc=0.1 and Sc=10. The concentration spectrum E.(k) at Sc=1 is the same as the encrgy
spectrum E(k) for Eq.(2), which for Burgers’ cquation is -2 in the inertial subrange® and
which has an exponential viscous cutoff®,

If Sc<1, the E.(k) should fall away from E(k) before the viscous cutoff (Sc=0.1, log-log),
whereas if Sc> 1, then E.(k) should roll off before E(k) (Sc= 10, log-log). By the same token,
E.(k) for Sc < 1 should be lower than E(k) in the diffusive cutoff and is (Sc=0.1, log-semi) and
should be higher for S5¢> 1 and is (Sc= 10, log-semi). The analogs of the arguments of Corrsin
and Obukhov would suggest E.(k)~ k-2 , but we show here that E.(k) has an exponcntial
cutofl for Sc 2 1, as well as for Sc=1.

(1) Y.-C. Shih and X B Reed, Jr., "Solution to the Piccewise Lincar Continuous Random
Initial Value Problem for Burgers” Equation”, Phys. Fluids 28, 2088-2099 (1985)

(2) S. Kcleti and X B Reed, Jr., “Spectral Properties of Exact Random Solutions to Burgers’
:quation for Modificd Thomas Initial Conditions”, Computers & Fluids, Vol. 16, No.2,
pp-147-173, (1988)

(3) W. Zheng and X B Reed, Jr., "Some Obscrvations of Bispectral Behavior of Large En-
scmbles of Exact Solutions to Burgers” Equation for Random Initial Conditions”, accepted
by Phys. Fluids
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A HIGH-PRECISION FCT FINITE ELEMENT METHOD FOR SHOCK CAPTURING

Tony W.H. Sheu, Hsin—~Chuan Kuo

Institute of Naval Architectur-e, National Taiwan University,
73 Chou—Shan Rd., Taipei, Taiwan, R. O. C.

ABSTRACT

A Flux—Corrected Transport Finite Element Method (FCT—FEM) is presented for
obtaining high resolution shock solution. The investigated FCT techniques are based on
those proposed by Boris et al. and Zalesak. The simulation is currently addressed on
one—dimensional analysis. The computed results for inviscid Burgers equation, shock tube
and blasting waves problems are all agreed well with analytic solutions.

INTRODUCTION

Numerical capturing of shocks in high speed gas dynamic flowfield has been
successfully made, at least in the context of finite di%[erence method, using TVD [1] etc.
schemes. The present work is addressed on incorporating FCT technique to
Taylor~Galerkin weak formulation that discontinuities can be accurately captured.

BASIC FORMULATION

One dimensional Euler equations [1] are analyzed. The resulting implicit weak
Taylor—Galerkin discretization equations for U = [p, pu, pe]T can be represented by M JU"
= R. The expressions of M and R can be found in [2]. Harten’s artifical viscosity [1] in R
is employed for obtaining high and low—order solutions which are required in FCT
anti—diffusive technique. Both Boris [3] and Zalesak [4] FCT algorithms were conducted.

NUMERICAL RESULTS

The computed solution at t = 1.1 for inviscid Burgers equation u, + (1/2u?),x = 0
is illustrated in Fig.1 where the investigated initial condition is u(0, x) = /4 + /2 sin(xx).
The computed solution at t = 0.24 for shock tube problem is illustrated in Fig.2. T"he

investigated initial condition is U(0, x) =[1, 0, 2.5]T, x € [0, 0.5) and U(0, x) = [0.125, 0,
0-25]T, x € [0.5, 1.0]. The computed solution at t = 0.038 for two interacting blast waves
is illustrated in Fig.3. The blast waves are initially defined by U(0, x) = (1, 0, 2-5]T: x €

[0, 0.1); U(0, x) = [1, 0, 0.25]T, x € [0.1, 0.9); U(0, x) = [1, 0, 250] T, x € [ 0.9, 1].

CONCLUSIONS
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The developed FCT—-FEM computer code can accurately capture the discontinuities
in the three investigated benchmark problems. The extension of present formulation to
two—dimensional analysis is on—going.
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VIBRATING ROD IN A CYLINDRICALLY BOUNDED, VISCOUS, COMPRESSIBLE
FLUID

Jorg WAUER
Institut fiir Technische Mechanik, Universitidt Karlsruhe
Kaiserstrafle 12, W-7500 Karlsruhe 1

Dynamic fluid structure interaction is involved with interesting phenomena, e.g., flutter in-
stabilities for fluid flow past flexible structures or added mass effects for vibration problems.
While flow problems are commonly dealt with by a spatial (Eulerian) approach, the interac-
tion of structural members coupled with finite fluid regions, in which the fluid initially is in
rest, represents a category where a material (Lagrangian) description is adequate.

Liquid or gas storage tanks and off-shore structures surrounded by water are typical en-
gineering applications of this second sphere. But the complex geometry then requires purely
numerical investigations. In contrast, a centrally supported, cylindrical bar in a cylindrically
confined fluid region which is analyzed here, is the basic example to investigate the most
aspects of the vibrational behaviour analytically.

Supplementing results recently found by Weidenhammer (1975) for the corresponding case
of a non-viscous fluid, in the present contribution the much more complicated free transverse
vibrations of bars in a viscous fluid are studied. Occasionally, this influence has already been
discussed by Yang and Moran (1979), but they neglected the compressibility of the fluid
and performed a numerical FE-analysis. Here, the compressibility is included and a semi-
analytical approach in connection with generalized Galerkin procedures is preferred. Since
only small vibrations of the two interacting subsystems are considered, a linear theory is
sufficient and a distinction between a spatial and a material description has no consequences.
Starting with the single equation of motion for the transversely vibrating rod, the linearized
Navier Stokes equations (together with the continuity equation and an appropriate thermo-
dynamic state equation) for the compressible fluid annulus and corresponding boundary and
transition conditions, a modal truncation governing the first mode vibrations leads to the
corresponding eigenvalue equation to be solved numerically. In detail, three calculation steps
have to be carried out. First, a solution for the displacement field of the fluid is assumed
in such a form that all kinematical boundary and transition conditions are satisfied. Subse-
quently, Galerkin‘s method is applied to the field equations of the fluid. Finally, the solution
is fitted to the equation of motion of the rod.

The variations of vibration frequencies and damping properties with the different system pa-
rameters are examined. Special cases, e.g., a vibrating rod in an incompressible, viscous fluid
and a compressible non-viscous fluid, are likewise deduced.
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REYNOLDS DILATANCY AND QUASI-STATIC
YIELD OF GRANULAR ASSEMBLAGES

J. D. Goddard
Department of Chemical Engineering
University of Southern California
Los Angeles, California 90089-1211

The yield behavior of granular media and dense particulate suspensions is often
dominated by the effects of volume-coupled shape change (Reynolds dilatancy), which in a
continuum sense represents an internal kinematic constraint. As evident from the early
micromechanical theory of O. Reynolds (1885, Phil. Mag. 20, 469) and elucidated further here,
dilatancy is by its very nature an n-body problem, with n 2 d + 1 in space dimension d. The
present work provides new theoretical estimates for dilatancy in monodisperse and polydisperse
sphere assemblages, together with comparisons to experiment and computer simulations.
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HEAT TRANSFER AND FLOW OF GRANULAR MATERIALS DOWN AN INCLINED PLANE

R. Gudhe’, M. Massoudi*, K.R. Rajagopal’
* Department of Mechanical Engineering
University of Pittsburgh

Pittsburgh, PA 15261

U.S. Department of Energy
Pittsburgh Energy Technology Center
P.O. Box 10940

Pittsburgh, PA 15236

In recent years, there has been considerable interest in
understanding the behavior of granular material as it has relevance
to several technological problems. This includes the handling of
such substances as coal, agriculture products, metal ores, rocket
propellants, fertilizers, sand and other particulate solids,
fluidization, pneumatic and hydraulic transport of particles, and
the mechanics of avalanches and other natural disasters which
involve the flow of powders and bulk solids. Many situations, such
as discharge through bin outlets, flow through hoppers and chutes,
pneumatic transport of coal, etc., require information on material
properties of these particles, flow patterns, and concentration
profiles [Rajagopal and Massoudi (1990)].

A considerable amount of research has been devoted to the mechanics
of flowing granular materials and their flow characteristics
{Savage (1984)]. In a number of applications, these materials are
also heated prior to processing, or cooled after processing
(Patton, et al. (1986)]. Very 1little fundamental work, from a
mathematical point of view, has been devoted to these types of heat
transfer in granular materials. These contact dominated (dense
phase) i{lows have applications in certain industrial equipment
designed to heat, cool, or dry granular materials [Uhl and Root
(1967)]. Moreover, granular materials exhibit phenomena 1like
normal stress differences in simple shear flow, a characteristic of
non-Newtonian fluids and non-linearly elastic solids. One approach
used in the modeling of granular materials is the continuum
approach, which assumes that the material properties of the
ensemble may be represented by continuous functions so that the
medium may be divided infinitely without loosing any of its
defining properties.
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The governing equations are the conservation of mass, linear
momentum and energy. In the present study, the granular material
is treated as a continuum, and its stress tensor is modelled as
[Cowin (1974), Rajagopal and Massoudi (1990)]

T = [Bo(v) + By(v) weww + B,(v) £z D] 1+f,(v)D+P, (v) w®w (1)

where f, is similar to pressure in a compressible fluid and is given
by an equation of state, B, is akin to the second coefficient of
viscosity in a compressible fulid, B, and B, are the material
parameters that reflect the dxstrlbutlon of the granular material,
and ; is the viscosity of the material. The volume fraction v is
related to the bulk density of the material through

p=yYv (2)

where v is the actual density of the grains (0<v<l). The rate of
stretching D is given by

%[(vu)+<vu)"1 (3)

where v denotes the gradient operator and y is the velocity vector.
In equation (1), 1 is the identity tensor and ® indicates the outer
product.

In this problem, we consider the steady one dimensional flow of an
incompressible granular material (i.e., 4=const) down an inclined
plane where the angle of inclination is a. The surface of the
inclined plane is at a higher temperature than the temperature of
the surronding environment, and as a result, there is transfer of
heat. The coupled non-linear equations of motion are solved and
volume fraction, velocity, and temperature profiles are »>resented.
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AN EVALUATION OF NON-DARCY EFFECTS
IN POROUS AND VISCOUS/POROUS FLOW

PROBLEMS!

D. K. Gartling and C. E. Hickox
Fluid, Thermal and Structural Sciences Department
Sandia National Laboratories
Albuquerque, New Mexico 87185

There is an increasing interest in the use of extended forms of Darcy’s law for the
study and analysis of flow problems in saturated porous media. Though Darcy's law
is a well known and justifiable description for many porous flow applications. it has
been extensively criticized for shortcomings in several particular applications. Often
cited limitations include: an inability to specify no-slip velocity boundary conditions on
bounding surfaces, uncertain interface conditions for merging a viscous flow description
with a saturated porous layer in conjugate problems and poor representation of high
Reynolds number flows in porous layers.

Modifications to Darcy’s law that address inertial and boundary effects have been pro-
posed in numerous forms, the most popular being variations of the Forchheimer-Brinkman
model. Specifically, the Forchheimer extension adds a drag term that is quadratic in
the velocity, thereby allowing the low Reynolds number restriction to be lifted. The
Brinkman modification includes a second ordes viscous term that permits boundary and
interface conditions similar to those encountered in Navier-Stokes problems to be added
to a porous flow description. Though thes.e modifications have received considerable at-
tention and use in the literature, they have generated considerable controversy as to their
range of applicability and correctness i.1 representing physical phenomena.

Many authors have advocated the use of the Brinkman model'? in order to satisfy a
no-slip boundary condition on a solid wall or enfurce continuity of the stress components
at a viscous fluid/porous layer interface. Nield® argues that if the Brinkman term is
included, then an apppropriate variation in the porosity near a wall must also be specified;
this feature has not often been employed in previous work. Nield also points out that the
Brinkman model cannot really be justified for porosities less than ¢ < 0.60. He also notes
that the preferred method for describing interface conditions employs a Darcy law with a
velocity slip condition proposed by Beavers and Joseph.* This approach is generally not
favored by those doing numerical simulations. The work of Cheng® suggests that when

'This work was performed at Sandia National Laboratones which is supported by the U. S Depart-
ment of Energy under contract DE-AC04-76-DP00789.




the Brinkman model is employed, along with a variation of porosity near a boundary,
dispersion effects should also be modeled. Again, little attention has been paid to this
proposal. In terms of accommodating higher Reynolds number flows, the debate centers
on the form of the inertial terms in the Forchheimer-Brinkman model. Some authors
advocate the replacement of the advective acceleration terms with a quadratic drag term,
while others retain both the advective acceleration and quadratic drag terms.

The present study was undertaken in an attempt to clarify the controversial and
confused state of non-Darcy flow models. Extending the work presented in earlier
contributions®” a series of numerical simulations have been carried out to evaluate the
relative importance of each term in the extended forms of Darcy’s law. Also tested were
proposed variations in material and flow properties, such as porosity near a wall and the
inclusion/exclusion of dispersion. Several simple geometries were selected for evaluation
including a conjugate problem that allowed several types of interface conditions to he
studied. The results of the study have provided insights into which effects are important
in commonly encountered porous flows and which terms are only significant for extremes
in porosity.
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Rapid Granular Flow Down Inclines

James T. Jenkins
Department of Theoretical and Applied Mechanics
Cornell University, Ithaca, NY 14853-1503

We analyze rapid, steady, fully developed flows of idealized granular
materials that are driven by gravity down inclines. The grains are assumed to
be identical spheres that interact through inelastic, frictional collisions. We
employ field equations ikat are derived using methods from the kinetic
theory of dense gases anc boundary conditions that result from a
consideration of the rate of transfer of momentum and energy at several types
of boundiaries. These include flat frictional walls, frictional bumpy
boundaries, and interfaces within the granular material on which the .nean
shear is discontinuous. The predictions of the theory are compared with
existing experimertal results on steady flows in chutes and rotating drums.

202




MATHEMATICAL MODELS: THEORY AND PRACTICE

Barna A. Szabé
Center for Computational Mechanics
Washington University
St. Louis, MO 63130

Procedures by which the integrity of mathematical models can be established,
and errors in their numerical sclution estimated, in the setting of practical engi-
neszing problem-solving are discussed. Two essential requirements must be satis-
fied in establishing the reliability of : omputed information:

1. The mathematical model used - r representing a physical system or process
mnust account for all essential at::ibutes of the syster» or process;

2. The numerical approximation of the solution of the mathematical model must
be sufficiently accurate so that decisions based on the: approximate solution are
essentially the same as the decisions based on the (unknown) exact solution.

There has been a great deal of progress in the development of methods for
controlling errors in the numerical solution of mathematical problems, called dis-
cretization errors, especially for problems of the elliptic type. Today it is possible
in principle, and in many cases in industrial practice as weli, to guarantee that
errors in the data of interest are within prespecified tolerance ranges. The main
points of this development are described in a recently published textbook [1]. Ex-
amples for the estimation and control of discretization errors have been presented
in a number of papers, see, for instance, [1-4].

If computers are to be used for generating data on which engineering deci-
sions can be based then, in addition to the errors of discretization, the errors of
idealization must be controlled also. Clearly, it is not meaningful to know that
the approximate solution to a mathematical problem is accurate to within one or
two percent relative error (the error must be measured in terms of the quanticies
of interest) if it is not known with a high degree of certainty that no essential
phenomena have been overlooked in formulating thz a:athematical problem itself.
One of the interesting and importani problems for research in the 1990’s is the
problem of proper formulation of mathematical models.

Construction of mathematical models for structural plates and shells is a clas-
sical problem as well as one of great practical importance. Plate and shell models
should be viewed as three-dimensional bodies, one dimension of which happens to
be much smaller than the other two. Thus the quality of a plate or shell model
must be judged on the basis of how well its exact solution approximates the exact
solution of the problem of three-dimensional elasticity, Of course, the exact solu-
tion depends not only on the choice of the model but also on the topology, material
properties, loading and constraints. The desired degree of approximation depends
on the goals of analysis. For these reasons models have to be chosen adaptively.
Hierarchic sequences of models make adaptive selection of the model which is best
suited for the purposes of a particular analysis possible.
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The essential features of the hierarchic models are as follows:

1. The exact solutions of the hierarchic models @a: (=1, 2,...) converge to the
exact solution of the probler of elaaticity (#z.) for a fixed thickness:

Jim | @52 — Gy aaielle =0 (1)
where || - ||g is the energy norm. The rate of convergence depends on the
smoothness of gy,

2. The exact solution of each hierarchic model converges to the same limit as
the exact solution of the probiem of elasticity with respect to the plate/shell
thickness (k) approaching zero:

2L — Graells :
lim DERCHMPIE o §=1,2,... 2
h—s0 "alels y &3 ( )

and, when the solution is smooth, the rate of convergence increases with s.

These requirements are important because, typically, the solution of the prob-
lem of elasticity in the interior regions of the domain can be approximated well
by the lowest in the hierarchic sequence of models but near the boundaries higher
models are needed.

The construction of hierarchic models for homogeneous isotropic plates and
shells was discussed by Szabé and Sahrmann in [5]. Additional discussion and ex-
amples are availatie in [6]. The principles governing the derivation of a hierarchic
sequence of models for laminated composites are presented in [7].
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Mechanics of Polymer Crystallization: Theoretical Miodeling

Mehrdad Negahban, Department of Engineering Mechanics and the Center for
Materials Rescarch and Analysis, University of Nebraska-Lincoln, Lincoln, NE
68588-0347

Many common polymers like polycthylene, poly(vinyl chloride), polycarbonate,
and natural rubber can crystallize. This crystallization is accompanied by a change in
mechanical properties. For example, the stress in a stretched sample of natural rubber
at -25°C will relax in a manner similar to that seen in viscoelastic materials [1], but
this relaxation is accompanicd by a 100 fold increase in the elastic modulus [2,3]. In
this case, Gent [1] has shown that for cach value of stretch there is a lincar relation
between the change in volume and the amount of stress relaxed. Since the change
in volume 1s closely related to the amount of crystallization, this suggests that the
crystallization can be the main cause of this relaxation. This assumption is further
supported by the fact that there is a large increase in the modulus.

Crystallization in polymers is a gradual process. Depending on the polymer and
the loading conditions, the process of crystallization might take from minutes to years
to be completed. This process is normally accelerated by stretching. A rate equation
is developed to model the rate of crystallization.

A multi-dimensional, fully nonlinear model has been developed to characterize the
changes seen in the stress response during the process of crystallization. This equation
combined with the equation for the rate of crystallization and the equation of motion
can be used to solve initial and boundary value problems.

The solution to several problems will be presented to show how the model can
capture both qualitative and quantitative characteristics of crystallization.

References:
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A DYNAMICAL SYSTEM APPROACH FOR DETERMINING ALL THE
ZEROS OF A NONLINEAR VECTOR FUNCTION

RAMESH S. GUTTALU
Department of Mechanical Engineering
University of Southern California
Los Angeles, CA 90089-1453, USA

PEDRO J. ZUFIRIA
GTI, ETSI de Telecomunicacién
Polytechnic University of Madrid
28040 Madrid, Spain

There is a great need for numerical tools in mechanics area for determining all the so-
lutions to a system of nonlinear algebraic equations. Such tools are helpful in determining
equilibria, fixed points, and periodic solutions of nonlinear dynamical systems, for obtaining
inverse-kinematic relations in robotics, and for solving optimization problems. In this article
we summarize the results obtained by the authors on an approach for finding all the zeros
of a vector function f(x). It is based on the idea of constructing a dynamical system. One
form of continuous-time dynamical system studied extensively in the literature is

x(t) = PF(x)=-I"Yx)f(x), x€RN, (1)
F:RN S RN, J=—a—f,
ox
where x is the time derivative of the unknown vector x(t). For details regarding the prop-
erties of (1) and for its use in homotopic and continuation methods for locating zeros, see
references [1,2,3]. A discrete counterpart of (1) given by x(n + 1) = x(n) + F(x), n € Z,
and its dynamic properties are studied in [4].

The basic idea here is to follow the trajectories of (1) and to ascertain their long time
hehavior. Global behavior of the dynamical system (1) has been explored by the authors
in references [4,5,6,7). First one needs to cstablish a relationship between the zercs of f
and the equilibria of the system (1) (equivalently, the zeros of F). The equilibria of (1) are
asymptotically stable. They correspond with the locations of the zeros of r. However, the
converse need not be true. The function F = ~J~!f need not be defined when the J(x)
is singular at a zero of f. The stability of equilibria is established by a Lyapunov function
V = fTf which also provides an estimate of the domain of attraction associated with cach
equilibria. This domain may be used as a region of initial guesses with iterative techniques
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for converging to a zero of f. It has also been established that no periodic solutions of the
dynamical system (1) can exist when all the zeros of f are isolated implying that (1) cannot
possesses complicated dynamics such as chaotic behavior even in higher dimensions.

It has been identified that the singular manifolds where det J(x) = 0 play a crucial role
in determining the global behavior of (1). Several results have been established relating the
barrier manifolds (singular manifolds which the trajectories of (1) do not cross), isolated
regions (regions separated by barrier manifolds), and domains of attraction. Every trajec-
tory of (1) which starts in a particular isolated region evolves only within that region. The
role of singularities of J(x) has been further explored in [7] with a particular reference to
pathological cases.

Computational algorithms based on cell-to-cell mapping analysis for finding singular man-
ifolds and zeros are developed in [6]). Several examples are illustrated therein including the
computation of fixed points of a two degrees of freedom damped mechanical system sub-
jected to impulsive loads.
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Abstract

According to Caratheodory's classical treatise('iXPto-
lemy was the first mathematician who used conformal transe
formation when dealing with the representation of the ce-
lestial sphere, His transformation is the stereographic
projection of the sphere, it maps the sphere conformally
into a plane. The fact that one usnally remembers Ptolemy's
name only in connection with his wrong theory of the Univer-
se 3§38 certainly unfair,

Classical applications of conformal mapping to many sta=-
tionary problems of mathematical physics go back over a
century and a half and continue to the present, These a-
pplications deal, in general, with solutions of Laplace's
equation which remains invariant if the real plane is sube~

Jected to a conformal transformatione
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Applications of conformal mapping techniques to
the mathematical theory of elasticity are conside-
rable more complex. On the other hand they are treated
in well known textbooks.

It is the purpose of the present paper to briefly
discuss non -~ classical applications of conformal
mapping to several fields of applied science and teche~
nology [él, €.

« acoustics and vibrations

- electromagnetic theory

~ viscous flows

« unsteady diffusion situat .ons,.

One may conclude that from Pte. :my's conformal trans-
formation developed almost 2000 years ago to sophisticated
determinations of mapping functions and their applications
to complex scientific and technological problems in a
wide variety of fields, Man has accomplished significan=
tly in this respect,

It is to be expected that Man will learn more

about conformal mapping in the next 20 centuries l
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ACOUSTIC EMISSION STUDIES OF DAMAGE IN COMPOSITES*

W. 0. Soboyejo
McDonnell Douglas Research Laboratories
P.0. Box 516, St. Louis, MO 63166

The results of recent studies of damage evolution in composites will
be presented for monotonic and cyclic loading conditions. These
include the use of acoustic emission techniques to determine crack
initiation and propagation components in fiber-reinforced titanium
matrix and ceramic matrix composites. The paper will discuss the
effects of interfaces and matrix microstructure on the evolution of
damage in the f T1-15V-3Cr-3A1-3Sn/SCS9 composite, and the potential
for using acoustic emission techniques to monitor the onset, location,
amplitude, and progression of damage in composite systems. The
potential for increasing microcracking stresses in ceramic matrix
composites via hybrid reinforcement of corderite with various combina-
tions of alumina whiskers and nicalon fibers will also be examined.
Microcracking stresses determined by acoustic emission techniques will
be compared to those obtained from whisker-reinforced or fiber-
reinforced composites and the effects of reinforcement-matrix
interfaces and matrix microstructure on microcracking stresses and
damage propagation will be elucidated. The paper will highlight the
degradation in tensile strength and fatigue resistance that can cccur
due to coarsening of the fiber-matrix interface and matrix microstruc-
ture transformations during thermel exposure. It will also illustrate
the use of acoustic emission techniques to distinguish between crack
initiation and propagation during tensile and low cycle fatigue/high
cycle fatigue tests,

*Research conducted under the McDonnell Douglas Corporation
Independent Research and Development program.
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THE MECHANICAL PROPERTIES OF
TIGHTLY WOVEN CARBON-CARBON COMPOSITES

Abdullah Ozturk, Rollie Dutton and Robert E. Moore
Department of Ceramic Engineering
222 McNutt Hall
University of Missouri-Rolla
Rolla, MO 65401

The mechanical properties of a tightly woven carbon-carbon
composite were investigated. The composite consists of a graphite
fiber reinforced graphite matrix. Flexural strength tests were
performed in three point bending at room and elevated temperatures
in air and argon. Flexural strength increases slightly with
increasing temperature in argon, but decreases significantly in air
as the temperature increases.

Optical microscope observation of the specimens broken in flexure
revealed that the composite failed in a tension/shear mixed mode
rather than in tension. Propagation of cracks perpendicular to the
plane of the cloth layer and delamination of the cloth layers were
observed. Scanning Electron Microscopy (SEM) fractographs indicated
microcracking of the matrix, debonding of fiber-matrix interfaces,
pull-out of fibers from the matrix, fiber bridging and separation
of the matrices.

Fracture toughness tests were conducted at room and elevated
temperatures in air and in argon using the Single Edge Notch Bend
(SENB) test. It was observed that the critical stress intensity
factor (K,) of these composites decreases with increasing
temperature in air, but remains almost the same in argon.

Tension-tension cyclic fatigue tests were performed to determine
the effec. of fluctuating stresses on the mechanical properties of
these composites at ambient laboratory conditions. The numbers of
fatigue cycles to failure were determined as a function of the
applied stress levels. Results of composite behavior are discussed
in terms of the relationship of the fatigue life of these
composites as well as the effects of applied stress levels. The
maximum stress at which specimens do not fail after 10° cycles is
approximately 80% of the ultimate tensile strength. Fatigue failure
did not occur for the specimens tested below this stress level.
Specimens tested between 80% and 90% of the ultimate tensile
strength either failed during testing or survived after 10% cycles.
This range of stress levels is considered as a critical range for
cyclic fatigue of these composites. All specimens fatigue tested at
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stress levels greater than 90% of the ultimate tensile strength
failed during testlng. The average residual strength of the
spe01mens after 10° cycles was comparable to the average ultimate
tensile strength of unfatigued specimens.

Fatigue tests were interrupted at 10, 10%, 103, 10% and 10° cycles
to measure the composite elastic modulus and hence to determine
whether any structural deterioration had occurred with increasing
numbers of cycles. It was observed that composite elastic modulus
decreases slightly within the first 100 cycles and then remains
almost unchanged through 10° cycles. The change in the composite
elastic modulus was also seen in stress-strain hysteresis loops of
these composites. The stress~-strain hysteresis 1loops become
progressively narrower coincident with a smaller elastic moduli as
the number of cycles increases. The reduction of elastic moduli is
attributed to the development of damage modes in the composite due
to the fatigue loading.

Results of mechanical testing were correlated with SEM analysis to
explain observed fatigue effects. The SEM analysis of fatigue
tested specimens revealed the evidence of textural changes
associated with increasing number of fatigue cycles. These occurred
in the matrix regions. A comparison of the matrix regions of
tensile and fatigue tested specimens suggested that the matrix
rerions of fatigue tested specimens are different from the tensile
tested specimens. The fracture surface of the matrix of a tensile
tested specimen is flat and smooth while the fracture surface of
the matrix of a fatigue tested specimen is rough. The striations
which indicate the advance of crack growth after each cycle are
also observed on the fracture surfaces of the fatigue tested
specimens.

A series of fatique tests were also conducted to determine the
influence of cyclic fatigue on the fracture toughness of these
composites. K, of these composites remains unchanged with
increasing number of cycles at the stress levels of 80% of the
ultimate tensile strength; however, K, decreased with increasing

number of cycles at higher stress leve 8.
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EFFECT OF CONSTRAINT ON DENSIFICATION OF CERAMIC MATRIX
COMPOSITES

L. R. Dharani and W. Hong
Department of Mechanical and Aerospace
Engineering and Engineering Mechanics
University of Missouri-Rolla
Rolla, MO 65401-0249

Introduction.

Ceramic matrix composites can offer important performance advantages in that
they may have a higher fracture toughness and creep resistance at elevated temperatures
compared to single phase ceramics. The potential for improved performance is, however,
offset by the increased difficulties in pressureless processing of these materials. The free
sintering of single phase polycrystalline ceramic matrices is significantly hampered by the
presence of a dispersed particulate inert, rigid phase. Some factors that have been put
forward to explain the reduction in densification rates of ceramic matrix composites,
such as viscoelastic stresses originating in densification incompatibilities between the
matrix and the dispersed second phase and the adverse effects of microcrack and
crack-like defects promoted by the constraint of the dispersed inclusions. Isothermal
sintering has attracted a special concern by isolating the temperature effect. The special
situation of the isothermal sintering is that the instantaneous free strain rate as well as
the material properties is density dependent and the density of the constrained sintering
matrix is not known apriori. Moreover, the deformation is large due to the large range
experienced by changing densities. So this problem has nonlinear relationships in both
material and geometry. Since the exact solutions are mathematically intractable, this
problem is approached by using the finite element method in an incremental fashion.

Results.

A single inclusion case (10% volume fraction of inclusion) is considered by
assuming that the interactions among inclusions are quiet small at low volume fraction
and can be neglected. The average relative density of the constrained matrix against the
unconstrained matrix vas calculated and compared with the experimental data. The
result reconfirms Scherer’s theory in that viscoelastic stresses are too small to account
for the drastic reduction in densification rates of ceramic matrix composites.

The multiple inclusion model seems more realistic than single inclusion model
inspite of idealization of uniform size and distribution of inclusions in the matrix.
Without loss of generality we considered a symmetric composite geometry, in which only
a sectional of the problem needed to be considered. The size of the inclusions and
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distance between them are arranged to match the inclusion volume fraction. The
difference in the predicted relative densities for the two cases, single and multiple
inclusions, is very minimal as shown in Fig. 1. The results indicate that effects of
relevant non-mechanical factors, such as mass diffusion, grain surface energy
minimization and grain growth, on the viscoelastic constitutive relations of the matrix
material during sintering should be considered.

An interesting phenomenon from the results is that the variation of density is not
sensitive to the viscosity coefficient but quiet so to the poisson’s ratio. It agrees with
results from a viscoelastic analysis that no volumetric strain except elastic part exists if
the poisson’s ratio is constant throughout the process.
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INTERFACE MECHANICS IN CERAMIC AND GLASS MATRIX
COMPOSITES

V.S. Gopalaratnam*

Abstract

Monolithic ceramic and glass components are generally very brittle and often
fail catastrophically when subjected to tensile loads. One of the ways in which their
brittleness and low fracture toughness can be improved, is through the incorporation of
fibers or whiskers to yield a two-phase composite. The resuiting composite called
ceramic or glass matrix composite has markedly superior resistance to crack
propagation and improved fracture toughness.

Fibers provide toughening through various energy dissipation processes during
crack advance in such composites. The toughening mechanisms that are related to
fiber addition include fiber pull-out, crack deflection, crack bridging, crack bowing or
pinning, and thermal mismatch toughening. The first three are influenced to a large
extent by the mechanical characteristics of the fiber-matrix interface. A thorough
understanding of the failure modes and toughening mechanisms in such composites
is not possible without a good understanding of the mechanics of interfacial stress
transfer.

The classica! fiber pull-out problem is solved assuming that the fiber and the
matrix remain elastic during the entire pull-out process. The interface is idealized as
an elastic linear-softening material. Although it is intuitutively speculated that the
actual local interface load-slip response will exhibit exponentially decaying post-
elastic stress transfer capacity with a nominal mechanical frictional component at very

large slips, it is shown that the linear softening idealization provides a representative

* Assistant Professor of Civil Engincering, University of Missouri-Columbia,
Columbia, Missouri 65211.
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and mathematically convenient simplification. Solutions to the fiber axial force and
interfacial shear stress along the embedded length of the fiber have been obtained by
applying appropriate boundary and continuity conditions. The stability of the
debonding process has been investigated by varying the fundamental characteristics
of the fiber-matrix interface, the fiber embedment length and the fiber diameter.
Energy based solutions are obtained for predicting the residual slip and stiffness
degradation in cyclic pull-out (unloadingireloading). The influence of the radial
stresses due to the combined effect of elastic and thermal mismatch is incorporated by
making ths interface softening parameter a function of o, and ogg. The validity of this
kind of a modification appears justified from the results reported by previous
investigatiors on elastic mismatch, as well as the thermal mismatch in the puil-out
problem. A functional relationship is used for incorporating the effects due elastic and
thermal mismatch problem, thus essentially retaining the one-dimensional and
axisymetric nature of the pull-out problem.

The analytical model is successfully validated for a glass matrix composite
system using experimental pull-out results from displacement controlled pull-out tests.
The parametric study of the model parameters offers useful insights for the analysis

and design of superior shont-fiber brittle-matrix composites.
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COMPUTATIONAL METHODS FOR STATIC PROBLEMS INVOLVING
CONTINUUM DAMAGE MECHANICS WITH SOFTENING

H.L. SCHREYER }, Z. CHEN? and M.K. NEILSEN3
1pProfessor, 3Doctoral Student, Dept. of Mechanical Engineering,
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Univ. of New Mexico, Albuquerque, NM 87131

SUMMARY

There exist two major difficulties for nonlinear structural analysis involving
softening. One consists of the ill-conditioning of the tangent stiffness matrix near
critical points, and the other is the choice of a suitable constraint to obtain the solution
path. In an attempt to make failure simulation a routine procedure, a new solution
procedure is proposed in which a local constraint condition is used in an iterative
solution algorithm. The procedure is described in the context of continuum damage
mechanics which yields a secant stiffness matrix. However, the solution procedure is
even more efficient if the initial elastic stiffness matrix is used because only one
decomposition is necessary. Numerical solutions have been obtained for both plane
strain and plane stress to show that snap-back and snap-through associated with shear
band formation can be efficiently predicted.

The existence of structural softening has been demonstrated conclusively by a
number of experimentalists using displacement controlled devices. Furthermore, if the
displacement measurement used for load control is made across a softening zone, a
reversal or "snap-back” in the space of load versus structural displacement can be
exhibited. To predict such phenomena it is necessary to introduce constitutive models
that exhibit so eninf with a nonlocal feature to limit the size of the failure zone or to
use a cracking model in which the softening is given directly in terms of traction versus
crack opening. With either approach, there are formidable computational problems in
that the governing tangent stiffness matrix becomes singular at a bifurcation or limit
point, and multilp e solution paths exist beyond these critical points [de Borst, 1987;
Crisfield and Willis, 1988; Chen and Scbreyer, 1990a and 1990b]. The successful existing
solution procedures are very inefficent so only a handful of numerical solutions exist.

To illustrate the proposed procedure, consider a static problem in which the
spatial discretization process yields the secant stiffness matrix [K] based on the current
value of the components of the elasticity tensor, and the load vector {q} is assumed to
be applied proportionally, i.e,, if m is the magnitude of the load, then

{q} = m{q*} {q*}T{q*} =1 (1)

The problem is to solve the nonlinear matrix equation
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(K{u} = {q} [K] = [K{u}] )

in which the dependence of the secant stiffness on the displacement vector {u} is
emphasized. Suppose the load parameter is to be incremented. To begin the iterative
process, let [K]; denote the secant stiffness from the previous iteration. Determine the
new displacement field {u*};, associated with the unit force, {q*}:

(Klifu*}r+1 = {q%} ©)

Then if the magnitude of the force, m, is known, the actual displacement field will be
{u} = m{u*}. However, instead of prescribing m, suppose the magnitude, c, of a
constraint condition is specified: ¢ = {c}T{u} = m{c}T{u*} where {c} isa vector of the
gpe )T = <0,.,0,1,0,-1,0,.., 0> which is used merely to relate two or more of the

egrees of freedom of the problem. Then the magnitude of the force vector is
determined indirectly from the relation: m = ¢/(<¢>T{u*}). The displacement field is
the product of m and {u*}, both of which are known. The equilibrium relation (3) is
satisfied unless additional damage is predicted from the level of damage computed in
the previous iteration in which case the secant matrix must be updated and the
sequence of equations solved again for {u*}, m, and {u}.

To obviate the need for a decomposition of a stiffness matrix with every iteration

and load step, suppose (2) is replaced with[ K]p{8u}j = {g};.; in which [K]p can be the
original, secant, or other stiffness matrix chosen for convenience. The out-of-balance
force vector {g}11 incorporates the nonlinear behavior associated with the

displacement field. The force vector includes the load increment Amj which is adjusted
so that the localized constraint criterion is satisfied. Iterations continue until norms of

the a}lncrement of both the displacement and out-of-balance force vectors are sufficiently
small.

There are two sti_lgnificant advantages to the approach. First, the constraint
criterion can be identified with that point in the body which is undergoing the highest
rate of damage. That point usually changes during the loadin%g)rocess. Second, the
artificial or secant stiffness is not singular at critical points as defined through the use of
the tanient stiffness matrix so the algorithm is particularly robust. Softening with
snapback can routinely be predicted.
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IMPLEMENTATION OF THE NONLOCAL MICROPLANE CONCRETE MODEL WITHIN
AN EXPLICIT DYNAMIC FINITE ELEMENT PROGRAM

William F. Cofer
Department of Civil and Environmental Engineering
Washington State University
Pullman, Washington 99164-2910

The finite element modeling of concrete is necessary for the design and response
analysis of many structures that are subjected to shock loading. Much of the current
analysis is performed using the well known explicit dynamic tinite element code,
DYNA3D. The concrete material model that is presently available in this program is
based upon plasticity theory with a Drucker-Prager yie!d surface, a tension cutoff for
tensile loading, and a cap to limit hydrostatic strength. However, plasticity theories for
concrete are basically phenomenological models in which previously accepted
techniques for metals are modified to represent macro-behavior. Fracture is not a
natural ingredient of the theory. Indeed, research has shc.wvn that concrete does not
fracture abruptly but, rather, displays softening behavior die tc the formation of
microcracks prior to fracture. Thus, many widely varying approaches have been
considered, none of which are universally accepted.

In contrast, microplane models are derived on the basis of the actual behavior of the
components of the material. At each point of interest, the response to the strain tensor
on arbitrarily oriented surfaces (i. e., microplanes) is considered [Bazant, 1984]. This
response could be elastic or it could involve the formation, opening, closing, or sliding of
cracks. Simple stress-strain laws are applied in the directions perpendicular and parallel
t?f the planes. The macroscopic material behavior is then composed of the sum of the
effects.

Recently, Bazant and Prat [1988] extended the microplane meth.d to enable it to
consider the general triaxial response of concrete. For each mic oplane, the strain
tensor was divided into normal deviatoric (i. e., the normal compone' t minus voiumetric
strain), volumetric, and shear components, each of which was considered
independently. The use of volumetric strain allowed the model to inciude the effects of
confining stress. Macroscopic effects, such as smooth brittl ductile transition,
hydrostatic stiffening, and strain softening in compression as well a.. 1 tension were all
described by the model.

However, without modification, the microplane material model is subject to mesh
dependence. This is due to the fact that cracking tends to localize t., the width of a
single element, causing the amount of energy that is dissipated tc vary accordingly. The
actual width of a crack is a material property and, if the elemems are smaller than the
crack width, provision must be made to ensure that the crack encompasses a band of
several elements. That is, a localization limiter must be invoked.
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The nonlocal continuum method is one of several types of localization limiters in which,
for a particular point within a finite element, the stress is not computed from the resulting
strain at that location, but from an averaged value of strain in a surrounding region. In
this way, large strain variations and, hence, crack widths, are smoothed to a given
characteristic width. To date, this method has mainly been applied to continuum
damage mechanics, for which strain softening is represented by a damage variable or
tensor. Bazant and Pijaudier-Cabot [1988] have reported that accurate results are
obtained if only the damage variables are based upon nonlocal (or averaged) strain
while all elastic stress contributions are computed from local strain. This idea should be
directly applicable to any material if the variables that cause strain softening are
developed in terms of nonlocal strain. For the microplane model, softening is
accomplished through stress modifiers on each microplane in conjunction with a secant
elastic relationship. The stress modifiers are thus defined on the basis of nonlocal strain.

in a practical sense, the nonlocal strain values are obtained via Gauss quadrature, using
the same sampling points as those used for integrating the finite element stiffness. It
involves a two stage process, in which the local strain for all elements is computed and
stored. Then, for each integration point of each element, all points within a given
characteristic radius are identified and the strain is extracted, modified by a weight factor,
and summed to obtain the nonlocal values. Boundaries of the model and pianes of
symmetry must also be considered.

The strain averaging procedure has been implemented into DYNA3D. However, this
method is only applicable to cases in which the element size is less than roughly 1/3 of
the characteristic length [Bazant and Mazars, 1990], which is reported to be
approximately 2.7 times the maximum aggregate size [Bazant and Pijaudier-Cabot,
1988]. For large elements, the strain automatically reverts to the local value and the
resulting crack width will equal that of an element. As further research, methods are
being investigated to include the effects of crack formation within an element and provide
atechnique that is applicable to meshes of any size.
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THE STRUCTURE OF SHEAR BANDS
IN IDEALIZED GRANULAR MATERIALS

J.P. Bardet and J. Proubet
CivilE  .eering Department,
University of Southern Culifornia, Los Angeles, CA 90089-2531

In the last decade, two different approaches have been proposed to study the
thickness of shear bands in materials. Aifantis (1984 and 1987), Zbib and Aifantis (1989),
Vardoulakis and Aifantis (1989) and Zbib and Aifantis (1989) introduced a second order
strain gradient into the constitutive equation of plasticity, whereas Miihlhaus and
Vardoulakis (1987) and Vardoulakis (1989) used the micropolar (Cosserat) theory.

The present paper focuses on the micropolar approach. Miihlhaus and Vardoulakis
(1987) and Vardoulakis (1989) introduced couple stresses into the constitutive equations of
the deformation and flow theories of plasticity, and successfully predicted the emergence,
inclination and thickness of the shear bands in sands. They determined the thickness of
shear bands after assuming that the linear stability analysis remains valid in the post-
localization range. The linear stability analysis is appropriate to investig>*e the emergence
and initial inclination of strain localization within homogeneously strained and stressed
solids. However, its application in the post-bifurcation range requires additional
assumptions about the uniformity of stress and strain, which need to be verified.

Miihlhaus and Vardoulakis (1987) and Vardoulakis (1989) found that the shear
bands thickness decreases during the straining of the materials modelled with the
deformation theory of plasticity but increases for those modeled with the flow theory of
plasticity. They did not calibrate the parameters controlling the effects of couple stresses
from test results but obtained them by using two micromechanical models referred to as the
kinematical and statical models. They did not examine the structure of shear bands as
Aifantis(1987) and Zbib and Aifantis (1989) had, due to the lack of experimental data on
the localized deformation pattems in soils.

Recently, Bardet and Proubet (1990) examined the structure of persistent shear
bands by numerically simulating an idealized assembly of two-dimensional particles. They
showed the displacement, volumetric strain, void ratio, particle rotations and those of their
neighborhoods inside the shear bands. They replaced the periodic boundaries used by
Cundall (1989) with a flexible boundary similar to the rubber membranes of triaxial tests.
In contrast to a periodic boundary, the stress-controlled boundary does not constrain the
motion of particles inside the shear bands. Periodic boundaries are not appropriate to
simulate the localized deformations that have very long spatial periods.

The main objective of the present work is to assess the assumptions and limitations
of the theories of Miihlhaus and Varuoulakis (1987) and Vardoulakis (1989) based on the
results of the numerical simulations on idealized granular media.
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FAULT GROWTH IN GRANITE UNDER CONFINING PRESSURE

J. Brerlee and D. Lockner
U.S. Geological Survey
345 Middlefield Road, MS/977
Menlo Park, CA 94025

The failure process in a brittle granite was studied using
acoustic emission (AE) techniques. The AE arrival times were
inverted to obtain three dimensional 1locations of the
microfracturing events. During a creep experiment the nucleation
of faulting coincided with the onset of tertiary creep, but the
development of the fault could not be followed because the failure
occurred catastrophically. A technique has been developed that
enabled the failure process to be stabilized by controlling the
axial stress to maintain a constant AE rate. As a result the post
failure stress-strain curve was followed quasi-statically,
extending to hours the fault growth process that normally would
occur violently in a fraction of a second. The results from the
controlled experiment showed that the fault plane nucleated at a
point on the sample surface after the stress-strain curve reached
its peak. Prior to nucleation the microcrack growth was
distributed evenly throughout the sample. From the nucleation site
the fault plane grew across the sample accompanied by a gradual
drop in stress. AE locations showed that the fault propagated as
a fracture front (process zone) with dimensions of 1 to 3 cm. As
the fracture front passed, the AE from a given region would drop
to a low level. When allowed to progress until the fault bisected
the sample the stress dropped to the frictional strength. These
observations are in agreement with the behavior predicted by
Rudnicki and Rice's bifurcation analysis and in disagreement with
experiments suggesting that shear localization in brittle rocks
like granite starts while the material is still hardening.
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SECOND-ORDER EFFECTS IN AN ELASTIC HALF SPACE
ACTED UPON BY A NON-UNIFORMLY DISTRIBUTED LOAD

J. Guo and P.N. Kaloni
Department of Mathematics and Statistics
University of Windsor
Windsor, Ontario N9B 3P4, Canada.

In the theory of finite elasticity of compressible materials, the problem of
finding second-order solutions, in the sense of successive approximations,
correspond to the solution of a classical linear elasticity problem with body force.
In general, analytic solutions to find second-order effects become quite difficult
because particular integrals for the body-force can not be obtained easily in
explicit form. Here by using a transformation technique, we discuss and present
solutions to a second-order elastic problem when an elastic half-space undergoes
deformation owing to a non-uniformly distributed normal surface load. We find
closed form expressions for displacements, stresses etc., in several special cases
and also present the limiting solutions for incompressible materials.
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ON THE FORM OF THE INTERNAL-ENERGY FUNCTION FOR AN
INCOMPRESSIBLE, ISOTROPIC, HYPERELASTIC MATERIAL

Donald E. Carlson
Department of Theoretical and Applied Mechanics

University of Illinois at Urbana-Champaign
Urbana, IL 61801

According to contemporary thinking, the stress T in an internally constrained material is
written as the sum of an active stress T4, given in terms of appropriate kinematical variables

through a constitutive equation, and a reactive stress T%, which has zero power in any motion
that satisfies the constraint. As a consequence of this latter condition, the general form of the
reactive stress is determined by the constraint to within a scalar-valued multiplier, which is
determined in a particular situation through the balance equations and the boundary and initial
conditions. In the incompressible case, motions are constrained to be volume preserving, and the

reactive stress is a pressure: T =-nl. Here, 7t is a scalar-valued function of position and time,
and [ is the identity tensor.

Since
T = T+TF,
it is pointless to include in the constitutive equation for the active stress T* any additive terms
which are of the same form as the indeterminate reactive stress T*. A natural way to ensure that
this not happen is to give the linear space of symmetric tensors Sym, where the stress T lives, the
orthogonal direct sum decomposition
Sym = ROR+,
where R is the linear space whose elements are the reactive stresses T%, and then to require that
T' e R+,

This condition is called the normalization, and it is important to understand that there is no loss
of generality in imposing it. In the incompressible case,

R = {T: T=ol,aeR}, R+ ={TeSym: [-T=uT=0},

and the normalization is




uT = 0.

For an incompressible, isotropic, hyperelastic material, it is well-known that the
internal-energy function is a function of the first and second invariants of the left deformation
tensor. Here, it is shown that the above normalization requires that the internal-energy function
reduce to a function of a single invariant -- the second invariant divided by the square of the first
invariant.
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RECENT DEVELOPMENTS IN THE MECHANICS OF FRACTURED AND MICROFRACTURED
CONTINUA

GIANPIETRO DEL PIERO
Istituto di Meccanica, Universita di Udine
Viale Ungheria 43, 33100 Udine, Italy

In this communication I present some results of a research still in progress, made jointly
with D.R.Owen {1],[2], and devoted to the construction of a mathematical theory of fractured
and microfractured continua. Our first goal was to describe mathematically the deformation of
continuous bodies in the presence of fractures. For this purpose we introduced a class of simple
deformations, consisting of piecewise Cl functions with discontinuities concentrated over
surfaces of finite area. When completing this class with respect to a suitable metric, we found
that the elements of the completed space were not any more functions, but objects whose nature
depends on the metric chosen for the completion. We called these objects structured
deformations.

Here I refer to the completion with respect to a L™ norm, in which a structured
deformation is a triple (x,g,G), with x a null set included in Q, the region of space occupied by
the body, g a C! vector field on Q\x, and G a continuous tensor field over the same set. The set
« is the site of the macroscopic fractures created by the structured deformation, and g is the
function which maps points of the reference configuration into points of the deformed
configuration. If {gp} is a Cauchy sequence of simple deformations with respect to the chosen
metric, then g is the limit of {gp} and G is the limit of the sequence of the derivatives Dgp. In
view of their definition, G and Dg are interpreted as the deformation of the body as a continuum
and as the macroscopic deformation, respectively. The inequality Dg*G reveals the presence of
microfractures diffused in Q\x. They are measured by the difference Dg-G.

Diffused microfractures can be used in describing plastic deformation, the dilatancy of

soils, the deterioration of the internal material structure occurring in damage, or the
microcracking occurring in solids which do not support tension, such as masonry or stone. In
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classical Continuum Mechanics, these effects are described by internal variables. A peculiarity of
the proposed theory consists in describing them all as kinematical objects of the same nature.
What changes from case to case is the constitutive equation relating the microscopic deformation
gradient to the stress. For some one-dimensional examples see [3].

More sophisticated types of structured deformations, obtained by different procedures of
completion, allow for the presence of microfractures concentrated over singular surfaces interior
to the body [4]; they can be employed, for instance, to describe concentrated plastic flow.
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Gibbs Bivectors - Theory and Applications

M. Hayes
Mathematical Physics

University College Dublin
Belfield, Dublin 4, Ireland.

The combination of two real vectors a and b in the form a+ib where i = —1,
is called a bivector. Gibbs [1] associated an ellipse with each bivector. If the scalar
product C - D of two bivectors C and D is zero then the planes of the ellipses of
C and D may not be orthogonal, in general [2]; also the orthogonal projection
of the ellipse of C upon the plane of the ellipse of D is similar (same aspect
ratio) and similarly situated (major axes parallel) to the ellipse of D when rotated
through a quadrant [1]. If C. C = 0 the bivector is said to be isotropic, the
corresponding ellipse being a circle. Because inhomogeneous plane waves such as
Rayleigh or Love waves in mechanics and TE and TM waves in electromagnetism
are described in terms of two bivectors - the amplitude and slowness bivectors -
the theory of bivectors finds ready application in wave propagation problems in
mechanics (2] and optics [3].
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SPATIAL DECAY ESTIMATES FOR COMPRESSIBLE FLOWS
IN A CHANNEL HAVING CONSTANT SECTION

Mariarosaria Padula

Dipartimento di Matematica dell’ Univerawta’ ,
via Machtavellt 35, 44400 Ferrara, ITALY

Consider a stationary compressible viscous fluid
in the infinite channel Q={xe&R :x3>0, x'E(x1,x2)eZl,

where £ is a smooth, bounded domain of [R*, D%noting
by I' the lateral surface of @2, 1.e. = {xeR :x’>0,
x'edZ},we take PP, and vav o, where v, is the
velocity field associated to the Poiseuille of an
incompressible flow, as a basic solution of the
steady problem corresponding to an ascribed flux &.
For p=p_+o, v=v_+u the density and velocity fields

associated with a given steady motion, we assume that
v=0 a Z and that the flux
§=fzpv-n

is prescribed. The problem is then to investigate the
decay rate at which p(x), v(x) approach P,r Vgat

infinity. Such a question represents the compressible
counterpart of the incompressible problem in
fluid~dynamic cf. Horgan & Wheeler (1978) who,
however, consider a different version of the problem
where 1 is bounded, this amounting to suppose that
the fully developed Poiseuille flow takes place at a
finite value ¢ of the x~coordinate. They then prove
that if the Reynolds number R satisfies ®R<(R,for a
suitable positive constant R, the qqﬁntity
Gll,x ) = S (F.|V{v=-y )| dD)dr
3 X z o
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decays exponentially to zero as X . However, their

ost imates ne  longer hold 1f Lo, Moreover, very
recently, Galdi proved, among others, that if

(i) Re satisfies (1) with R critical Reynolds
number for the energy stability of the goiseuille
flow Vi (11) for some M>0, Gl(z,0)sMz . Then,

G(w,0)<w and the exponential decay holds, i.e. there
exist constants A,B,C>0 such
(i) G(m,xa)SAG(m,O)exp(-Cxa), for all xg)O,

(ii) lDa(v-v ) |£BG(w,0)exp(~-Cx_), for all x_>d>0,
(o] 3 3

where D® is an arbitrary derivative of order o=0.
In this paper, setting

8(2,x) = fiaQIZIIV(v—v°)|z+azl as)dr
we prove the following theorem.
Theorem- Assume:
(i)Re satisfies (1) with R critical Reynolds
rumber for the energy stability of the Poiseuille
flow Yo

({idfor some M>0,
%(z,0)<Mz". (2)
Then,
8(c0, 0) <m0
and there exist constants A,B,C>0 such that
B(m,xa)SAx(m,O)exp(-Cxa). for all xg)O.
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FORMULATIO:N OF CRACK PROBLEMS

R. N. DUBEY, M. SINGH and G. GLINKA
Department of Mechanical Engineering,
University of Waterloo, N2L 3G1, Canada.

Introduction

The governing equations for finite deformation of a body can be described in a compact
form in terms of either (a) the true or Cauchy stress, o;;, or (b) the nominal or 1st
Piola-Kirchhoff stress, s;;. The true stress is related to the current area and hence it is
based on the deformed geometry; the associated formulation is labelled Eulerian. The
nominal stress is based on the undeformed geometry, it is obtained with the help of
the initial area; the corresponding formulation is called Lagrangian. Suppose that a
prescribed loading deforms the body from its given initial configuration B, into the
final configuration B. The volume, boundary surface and the density of the body in
two configurations are denoted V,, S,, p, and V, S and p, respectively. Let X; be
the coordinates of a particle in B,. The Lagrangian formulation is mathematically
expressed in terms of the equations of equilibrium

88." .
a—]é+p,f5=o in V, (1)
and the boundary conditions
t; = Nis; on S; (2)

w = U on S,-8S!

On the other hand, the Eulerian formulation uses the current position z; of the particle
in the equations of equilibrium

do; a s
a—x'_-i-Pfj-—Oth (3)

The boundary conditions are stated in the form

lj = njo;; on St (4)
Ui = U, on S—St
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In the two formulations, N; and n; represent the unit external noimals to the initial
and the current boundaries, respectively, and f; is the body force. In addition, the
equilibrium condition for the moment requires that

Oij = 0Oy tn V, or (5)
az; Oz; .
m Sg; = b—X_; Sk n Vo (6)

In the infinitesimal theory, it is assumed that z; ~ X; and the current boundary
in the Eulerian formulation is approximated by the initial boundary of the Lagrangian
formulation. As a result, one obtains only an approximate solution of the boundary-
value problem.

In the case of finite deformation, such an approximation may not be valii. It is
then necessary to use the Lagrangian formulation in order to employ the prescribed
traction kinematic constraints on the undeformed boundary. In the Eulerian formula-
tion, a correct formulation of the boundary conditions requires the use of the deformed
boundary, especially those involving traction.

Application

This paper presents a solution for the boundary value problem involving an infinite
plate with an initial crack and subject to uniaxial loading. The material behaviour has
been assumed isotropic elastic and the formulation used is Eulerian. Therefore, the
prescribed boundary conditions must be expressed in terms of the deformed boundary
surface.

The solution suggests that the cracks open and the tip radius is no longer zero. The
radius can in fact be calculated from the displacement field which also helps relate the
deformed boundary to the prescribed initial crack geometry. It is also found that the
stress at the tip is finite. It depends on the elastic modulus and is independent of the
applied far-field stress. It follows that the concentration factor is finite and its value
depends on Young’s modulus and the far-field stress.

In the case of a notch, the solution yields the concentration factor of three provided
the deformed opening is a circle.
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EARLY TRANSIENT RESPONSE DURING CRACK PROPAGATION
IN A WEAKLY-COUPLED THERMOELASTIC SOLID

L.M. Brock
Engineering Mechanics
University of Kentucky
Lexington, KY 40506

P, Matic and V.G. DeGiorgi
Code 6382
Naval Research Laboratory
Washington, DC 20375

Various results [1] indicate that significant temperature rises
can occur during fracture, Because 90% of plastic deformation
energy joes into heat [2] these temperature rises are associ-
ated with inelastic zones at crack edges.

Studies often treat steady-state crack growth e.g. [3]. In
some contrast, we are here interested in rapid, nearly-brittie
fracture under dynamic loading during the period right after
initiation. A rudimentary inelastic zone acts as a heat flux
site in a weakly-coupled [4] thermoelastic solid. The solid
is unbounded and the dynamic loading is provided by stress
wave diffraction. The inelastic zone has a Dugdale [S5] geo-
metry, and causes crack blunting. However, the zone heat flux
is not a'priori fixed, and the fracture and heat energies are
not necessarily the same. A transient 2D analysis is per-
formed, and nearly exact results obtained for short times after
fracture/zone growth initiatfon. As a first step, a simple
heat flux model and constant crack and Zone extension rates
are treated,

Two cases are considered: In the first case the crack is
initially undisturbed while, in the second, an inelastic zone
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exists in equilibrium with a uniform tension field prior to
stress wave loading. Analyses show that, for step-stress waves,
the stress level must exceed that predicted in a non-thermal
analysis for inelastic zone growth, Temperatures rise in the
zone extremely rapidly before leveling off at values that are
inversely proportional to zone growth rate. The analysis also
shows that allowing the yield stress to vary with temperature
produces an inelastic zone temperature rise that is initially
different from that associated with a constant yield stress,

but not markedly so.
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PRESSURE-SENSITIVE YIELDING ON FRACTURE

J. Pan
Mechanical Engineering and Applied Mechanics
The University of Michigan
Ann Arbor, Michigan 48109

Many materials such as zirconia-containing ceramics and some polymeric materials
exhibit appreciable pressure-sensitive yielding and macroscopic velume changes under large
deformation. Crack-tip fields for these pressure-sensitive materials are examined. Mode I
loading and plane-strain conditions are considered. The yield criterion is chosen to be a
linear combination of the shear effective stress and the hydrostatic stress, and the plastic
flow follows the normality rule. For power-law hardening materials, HRR-type crack-tip
fields are obtained by asymptotic analysis based on a stress function for u < gy, where
p is a pressure sensitivity parameter and py;n, is the limit value of p for each hardening
exponent n (Li and Pan, J. Appl. Mech., 1990). The numerical method used by Li and
Pan is based on the Runge-Kutta integration scheme and the shooting method to satisfy
the boundary conditions. As p increases and approaches p;n, the stress state ahead of
the crack tip approaches hydrostatic tension, which is at the vertex of the yield surface in
the stress space, and the numerical method based on the stress function diverges.

An accurate finite element method of a deformation plasticity nature is formulated to
investigate the asymptotic crack-tip behavior for u > pyim. The finite element results con-
firm the asymptotic results for 4 < . The finite element results alsc show the existence
of HRR-type crack-tip fields for 4 > wiim. In addition, the finite element results show that
as u increases from i, the stress state ahead of the tip remains in hvdrostatic tension.
Plastic zones are also given for different values of the pressure sensitivity parameter p
and the hardening exponent n. The pressure sensitivity parameter u and the hardening
exponent  have significant effects on the plastic zone sizes and shapes. The plastic zone
sizes and shapes differ significantly from those of the generalized effective stress contours
from asymptotic analyses. The finite element results show that the contribution of the
hydrostatic stress in the yield function causes the plastic zone boundary in front of the
rrack tip to extend much farther than that in a pressure-insensitive material. Implications
of pressure-sensitive yielding on toughening are discussed.
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SOME ASPECTS OF CREEP STABILITY ANALYSIS'

P.G. Glockner W. Szyszkowski
Professor of Civil and Mechanical Engineering Professor of Mechanical Engineering
The University of Calgary The University of Saskatchewan
Calgary, Alberta, Canada Saskatoon, Saskatchewan, Canada

The continuing emphasis on pre.:rvation of the environment and conservation of natural
resources has focused attention on increased use of many natural materials or the use as a
new structural material of abundantly available indigenous materials heretofore largely
ignored, such as ice, rock and other natural materials, A material like ice is very much time
and temperature dependent and therefore creep behaviour becomes important in the design
and analysis of any structure involving elements made of such a material. The emphasis on
time dependent response of structures is further underlined by recent introduction and
general acceptance of new ‘synthetic’ structural materials such as plastics and fibre-
reinforced resins. This emphasis brought about research and development with significant
advances in our understanding of the behaviour of time dependent materials and leading
to improved constitutive models which, in turn, resulted in more realistic predictions of the
behaviour of structures and structural components made of such materials. We have seen
significant advances in specialized areas such as the stability and post-buckling behaviour
of columns made of materials undergoing creep and a clarification of concepts associated
with such behaviour. Thus, new definitions and important parameters like the ‘safe-load-
limit’, P, and the ‘safe-service-period’, t,, were introduced and closed-form expressions
obtained for them for linear materials. In the case of nonlinear materials convenient
numerical and computational solution techniques are now available for their determination.
When dealing with creep stability problems the engineer is interested primarily in
determining these two key design parameters since a load level P < P, ensures stable
behaviour for all times. For load levels P, < P < P,, where P, denotes the classical Euler
load, the safe-service-life is of interest and its determination may have significant effects on
the economic feasibility of the proposed design.

In this paper we will briefly review some of our work in this area [1-7) pointing out its
relevance to the everyday design process and generally placing its significance and
importance in perspective. Particularly and after reviewing briefly the key features of our

* The results presented were obtained in the course of research sponsored by the Natural
Sciences and Engineering Research Council of Canada, Grants No. A-2736 and A-5676.
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material model underlying most of our results, we will discuss the significance of the safe-
load-limit, P,, and the manner in which this design parameter is affected by material and/or
geometric nonlinearities and imperfections. We will also briefly describe a semigraphical
solution technique introduced in {2,6] which can be used conveniently to determine this
parameter for a column made of a nonlinear time-dependent material.

Next we discuss the viscoelastic instability domain and the manner in which material and
geometric imperfections influence the safe-service-period, t. We will show that
imperfections influence t, more significantly than short duration or transient disturbances,
and that these imperfections can be and should be treated as permanent disturbances.

Finally we will discuss structural configurations involving compression members which
exhibit unstable post-buckling characteristics and which have associated imperfection
sensitivity. The structural designer has to be aware of such imperfection sensitivity and of
the effects such small imperfections can play in structures made of time-dependent
materials, imperfections which normally are of no significance in the overall behaviour and
response of elastic structures. In the case of structures made of time-dependent materials,
such small imperfections can lead to significant reductions in the load carrying capacity and
the safe-service-period of a structure which is undergoing creep, thereby underscoring the
importance of time as an ever-present destabilizing parameter. The paper also discusses the
significance of the safe-load-limit and points out that, as opposed to the two stability
domains of Hookean columns, there are three basic stability domains of columns made of
time-dependent materials namely an absolutely stable domain for loads P < P, in which the
response of the structure is bounded for t + «; a creep stability domain for P, < P < P, in
which the response is unbounded for t - «o; and a dynamically unstable domain for P > P,
with instantaneous indeterminate unbounded response.
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MATERIAL MODELING FOR PROCESS MODELING
AND FAILURE ANALYSIS

R. E. Smelser and R. Becker
Fabricating ’Dechnology Division
Alcoa Laboratories, Alcoa Center, PA 15069

The demand for improved processing and utilization of materials requires a deeper un-
derstanding of the evolving material microstructure and damage during complex loading
histories. To achieve this understanding, guantitative descriptions of the evolving mi-
crostructure are necessary. Various levels of material description are required depending
on the type of information being sought. These descriptions may range from the variation
of hardness, microporosity or crystallographic texture throughout a manufactured part to
the effects of voids and second phase particles on ductile fracture during the life of the part.
Detailed macromechanical process models as well as micromechanical material models are
needed to gain a quantitative understanding of materiai performance.

The complexity of the process models and material models usually requires that numerical
techniques be used for their solution. This presents a challenging task for both the numeri-
cal technique and the solution algorithm. The numerical technique must be able to address
nonuniform geometries, large deformations and complex loading histories. The numerical
technique must also allow the implementation of history dependent constitutive behavior
with internal state variables and the modeling of complex interface behavior. The solution
algorithms must be accurate and robust. The finite element method offers the flexibility
to satisfy these requirements.

The capability of including evolving microstructure at the level of an amorphous continuum
material model is given by internal state variable constitutive models [see e.g. Sample and
Lalli, 1987 and their references]). The inclusion of this type of constitutive behavior in a
process model allows one to obtain a prediction of the material microstructure throughout
the deformed piece. An example of the predicted microhardness distribution and an ex-
rimentally measured micohardness distribution in a hot rolled plate has been given by
melser and Thompson [1987). Such process simulations provide a means for assessing
process modifications to obtain a desired distribution of material structure in the product.

The inclusion of multiple phases in the material microstructure becomes important when
trying to predict the failure of materials. The ductile failure of many structural materials
occurs by the growth and coalescence of voids [e.g. Edelson and Baldwin, 1962). Continuum
models of ductile failure have been developed [ e. g. Saje et al. 1982]. These models address
the failure of materials by introducing a region of material which contains a higher volume
fraction of voids than the surrounding material. Such models predict failure strains which
are isotropic using unrealistically large void volume fractions.

The failure of materials is usually not isotropic [e.g. Speich and Spitzig, 1982]. The model-
ing of the anisotropy of fracture requires detailed micromechanical models of the material.
A model of the experiments of Speich and Spitzig has been developed by Becker et al.
[1989a]. The failure predictions from this micromechanical riodel predict the fracture
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strain to within a factor of two. The void growth predicted from this type of micromechan-
ical model can also be incorporated into the continuum models mentioned previously. A
method for this has been given by Becker et al. [1989b].

A final example of the inclusion of material modeling in fprooesus modeling is given by the
development of plastic flow localization in the bending of a polycrystalline sheet [Becker,
1990). The polycrystal model of Asaro and Needleman [1986] has been used to model the
material constitutive behavior. The polycrystal constitutive model develops a vertex at
the loading point of the yield surface. This facilitates the development of shear band type
bifurcations [Needleman and Rice, 1978]. The comparison of the predicted flow localization
with that measured experimentally was accurate and encouraging.

The development and use of detailed material models has been shown to give good predic-
tions of the material microstructure and failure predictions in tgrocese; models. The use of
such detailed constitutive models has been made possible by the development of increas-
ingly sophisticated numerical techniques, increasin%y robust numerical algorithms and
the development of powerful computers to carry out the calculations. The continued devel-
opment, of detailed constitutive models for materials presents an opportunity for realistic
process simulations and failure predictions.
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FLOW FORMULATION OF THE RATE EQUILIBRIUM EQUATIONS APPLIED TO
ELASTIC, VISCOPLASTIC MATERIALS

Lung Tsai
Erik G. Thompson

Department of Civil Engineering
Colorado State University
Fort Collins, CO 80523

Steady-state, finite-element analyses of metal forming processes can provide valuable and accurate
information. However, such analyses normally require that the elastic response of the process be
neglected. When the elastic behavior of the material is included in the standard flow formulation.
numerical instabilities occur. Recently, Yu and Thompson [1,2] developed a steady-state flow
formulation which is stable for high elastic responses. They used the technique for the analysis of
drawing of elastic, perfectly plastic materials.

Yu and Thompson attributed the numerical instabilities associated with the standard flow for-
mulation to the presence of the gradient of stress in the Eulerian formulation of the constitutive
equation. They noted that this gradient does not appear in the governing equaiton for momen-
tum halance if the rate of equilibrium equation is used rather than the equilibrium equation itsclf.
The rate equilibrium equation is obtained by specifying the material derivative of the equilibrium
equation to be zero. Thus it can easily be shown [2] that

D [90i,] _ @ [Doii _Qu, ., Ow . ]_
i 322 = o [T - Biyon + Boto] =0

where o0,, is the Cauchy stress and wu, is the velocity. The terms in the bracket represent the
material derivative of the first Piola-Kirchoff stress.
An elastic, viscoplastic material can be represented using a constitutive equation having the form:

L 1

(Dij = biy Drx) = 2—”50' + 55D (0 = &,00)
3 1 Do
D= 35

where D;; is the rate of deformation, D, () represents an appropriate stress rate, G and A” are
clastic constants, and g is the eflective viscosity for plastic deformation.

243




Two stress rates have been investigated: the Jaumann rate,

Dy (oi;) = -]%r:—’ —~ Wk, Ok — WkiCjk
and the upper convective Oldroyd rate,

Di(0i;) = 9]-%1 = Ui kOkj = Uj kCik

When either of these rates is used, the resulting weak formulation of the problem is void of stress
gradients.

Recent efforts to extend the procedure developed in (2] to include elastic, viscoplastic materials has
revealed that the gradient of stress might not be the sole source of the trouble associated with the
equilibriumn approach. It has been found that the rate of equilibrium approach becomes unstable
as the viscous response of the material is increased. When this phenomenon was investigated, a
mathematical similarity between the two approaches was noted which might explain the unstable
behavior found in both methods.

This paper will discuss the current state of the research and will focus on some new methods
to stabilize both the aquilibrium and the rate-of-equilibrium approaches. Application will be to
drawing and rolling of elastic, viscoplastic materials.
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A BEM/FEM Framework for Simulation of a Workpiece
Deformed by an Elastic Tool

A. J. Beaudoin, S. Mukherjee, and P. R. Dawson
Cornell University, Ithaca, NY

Introduction. A solution methodology is developed for the simuiation of
a plastic workpiece deformed by an elastic tool. The solution procedure for
tool displacements is based on the Boundary Element Method. The plas-
tic response of the workpiece is computed using the Finite Element Method
with the material configuration advanced through an updated Lagrangian
procedure. At each update increment, tool deflections (BEM) are recom-
puted based on surface tractions developed in the previous iteration for the
workpiece stresses (FEM). The updated tool geometry correspoudingly mod-
ifies the contact constraint applied in the FEM plasticity solution over the
subsequent time step.

Contact Algorithm. Contact between the tool and the workpiece results
in a normal traction which is assumed to follow an invertible relationship of
the form (Eggert and Dawson, 1991)

Tn = f(§, so,To) (1)

where T, is the normal traction, § is the separation distance from the tool,
and s, and T, are characteristic distances and tractions, respectively. The
contact penalty constraint is introduced by adding the ~quation

.} [ /s N7 (3-9) ds] =0 2)

to the system of equations resulting from the FEM formulation. Here, T}, are
nodal point normal tractions, & is the rate of separation distance developed
from Equation 1, NV are shape functions, and S, is the segment of workpiece
surface in contact with the tool. The separation distance $ must be computed
from the current geometric configuration of the tool and the workpiece.
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Tool Description. Tool deflections are computed using a two-dimensional
plane strain formulation based on the Boundary Element Method. Quadratic
shape functions were used to form the elements. Consistent with this choice
of shape functions, the tool surface was described parametrically by a table of
normalized distances 0 < s; < 1 along the tool surface. As described above,
development of the contact constraint for the deforming material (FEM so-
lution) requires the evaluation of the minimum distance to the tool surface.
Using the parametric description, and for a particular point on the FEM
domain, the functional form of this distance measure may be written

r= f(s) (3)

The minimum distance from a point on the FEM domain to the tool is
obtained by minimization of this function. This is carried out by first con-
ducting a linear search to locate the element on which this minimum value
lies, and this performing bisection on the element.

Solution Algorithm. The above are compiled into the following iterative
solution procedure.

1. Tool is advanced

2. FEM solution for plastic deformation of workpiece
3. Tractions are computed

4. BEM solution for tool deflections

5. Workpiece and tool configurations are updated

Results. The above algorithm has been used to simulate the deformation of
a material obeying a strain hardening constitutive relationship. Initial sim-
ulations were performed for a cylindrical tool deforming a rectangular slab.
This choice enabled comparison of tool stresses with available closed form
solution. Results were also compared to a non-deforming circular tool. The
expected “flattening” of the round tool upon contact with the workpiece was
observed. Tools with convex and concave contacting surfaces are currently
under investigation.

References Eggert, G.M. and Dawson, P.R. (1991) A Consistent Penalty
Method for Rigid Contact, in preparation.
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OPTIMIZING DIE DESIGN AND PROCESING CONDITIONS |
FOR SUPERPLASTIC FORMING WITH FEA*

E. C. Flower, D. J. Nikkel, Jr., D. D. Sam, and P. J. Raboin
Mechanical Engineering Department
Lawrence Livermore National Laboratory
Livermore, CA 94550

Superplasticity refers to the ability of a metal to undergo extensive uniform tensile elongation
(potentially greater than 1000% strain) prior to failure. Materials which are capable of
exhibiting superplastic behavior can do so only for specific ranges of temperature and strain
rate. Superplastic forming refers to a process which utilizes this material phenomena to form
complex near net shapes. Thin sheets can be formed by placing the sheet over a heated dic
cavity that is sealed on the periphery and applying an inert gas pressure to the top. Pressures
are generally low to keep the material rate of deformation in the superplastic range which is
usually between 104 and 10-2 per second. Because of the need to keep the strain rate within
known bounds, a critical aspect of the forming process is the pressure time history applied to
the part. Another aspect of this which is critical to the economics of the process is the need to
form at the highest rate possible without losing the superplastic properties of the material.

One potential problem with the process described above is that the blank may experience too
much thinning at the polar region of a part. One way to overcome this is to use a reverse blow
forming process in which the blank is first formed into one side of a two sided die which is
designed to cause pre-straining of the material away from the polar region. The pressure is
then reversed forming the blank into the other side of the die which is of the desired final
shape. Critical to the success of this process is the design of the die.

We present a numerical method which accurately models the superplastic forming of a thin
sheet into a hemispherical shape using a reverse blow forming process. Finite element
modeling and analysis (FEA) using the large deformation implicit code NIKE2D is used to
optimize the pressure time history and die design.

Central to the FE analysis is the constitutive model that determines the material response.
To accurately model a material which can exhibit superplastic behavior requires an inelastic
constitutive model which is both temperature and strain rate dependent. Moreover, in order to
accurately predict the material behavior which occurs during the reverse blow forming process
requires a model which keeps track of the inelastic components of the strain and can take into

* Work performed under the auspices of the U.S. Department of Energy by the Lawrence Livermore National
Laboratory under contract number W-7405-ENG-48.
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account such a complex deformation path. We used Bammann’s rate and temperature
dependent plasticity model in our calculations as it meets these criteria and provides quite a
bit of flexibility in specifying material properties. The inelastic part of this constitutive model
contains six temperature dependent parameter functions, the functional form of which is fixed,
and which involve a total of twelve material constants. These functions are related to the
rate-independent yield stress, the rate sensitivity of the material, the hardening, and the
static and dynamic recovery. One additional material constant governs the adiabatic heating.
The isothermal case involves only six constants.

Apart from the issue of an appropriate constitutive model for superplastic materials, modeling
the reverse blow forming process provides a number of numerical challenges by itself. The
deformations are large, material surfaces come into and go out of contact, and the blank
undergoes a very nonlinear snap-through process when the pressure is reversed. All of these
issues combine to make this a hard process to model, and make the problem of optimizing
processing conditions very difficult. We have exploited a new adaptive solution control
feature of the NIKE2D code, known as ISLAND, which allows for this problem to be
accurately modeled, and enables the processing conditions to be optimized in a straight
forward manner. Rather than having to specify boundary conditions and convergence criteria
a priori, ISLAND allows such conditions to be altered as a calculation proceeds based upon a
variety of criteria involving the current value of field variables. By prescribing an adaptive
scheme in which the pressure is adjusted so that the maximum strain rate experienced by
material elements is a particular value, the calculation determines the appropriate pressure
history for keeping the material within the superplastic range as a part of the solution.

ISLAND pressure prediction
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DYNAMIC RESPONSE OF A ROTATING DISK WITH VARIABLE
THICKNESS AND A STATIONARY TRANSVERSE LOAD

Fred Barez
Mechanical Engineering Department
San Jose State University
San Jose, CA 95192-0087

ABSTRACT

This paper presents the results of an investigation on the effects
of thickness uniformity and a transverse load on the stability of
a rotating elastic disk such as that used in a computer disk Tile.

INTRODUCTION

In a computer disk file, magnetic recording is accomplished by the
relative motion of a magnetic recording head and a magnetic med:ia.
An air bearing separates the recording head from the disk and the
head is attached to an external supporting member by means of a
flexible mounting. The storage capacity of computer disk files can
increase due to a reduction in this air bearing separation, so-
called head to disk flying height. The current technology requires
a head to disk spacing of avout 0.1 um and it must be maintained
under a wide range of operating conditions without contact. This
will impose severe constraints on the design of both the head and
the disk. This research addresses the dynamic response of the
disk. Finite element analysis was carried out to model the disk
and the effect of the head in the form of a stationary transverse
load. The effects of the disk thickness uniformity is also
studied. The finite element model reaults are compared to the
analytical ones using membrane theory.

FINITE ELEMENT MODEL

The disk and head combination model consists of an - elastic,
homogeneous, circular disk clamped at an inner radius a of a
spindle and free at an outer radius of b. The transverse load is
a stationary point load located at a radius of C. The disk is a
20 mm inner radius, 65 mm outer radius and 1.9 mm thick made of
5586 aluminum alloy. The transverse load of 0.15 N is applied at
a radius of 27 mm. The disk is rotating at an angular speed of
3600 RPM. The finite element model shown in Fig. 1 is formed using
isoparametric thin shell elements for the disk and concentrated
load for the transverse loading. Disk thickness variation is
introduced by specifying different thickness wvariation in the
model.
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GOVERNINIG EQUATIONS OF THE ROTATING DISK

The equations of motion of the disk is governed by the classical
membrane theory in which the effects of the rotatory inertia and
shear deformation of the disk are not taken into account. Further.
it 135 assumed that the disk transverse deflections are small
compared to the disk thickness({1,2]. In the case of a rotating
undamped uniform thickness disk anaytical solutions of the rescnant
frequency are obtained by means of tke classical theory. However,
in case of a2 rotating undamped disk of variable thickness and the
inclusion of the rotatory inertia and the shear deformation. the
frequencies need to be obtained numerically since closed-form
solution is not available. Mindlin theory is applied in analyzing
this problem in the presence of the rotatory inertia and shear
deformation{3].

RESULTS AND DISCUSSIONS

Finite element analysis results for the resonant frequencies of the
rotating disk with uniform thickness are determined and compared to
those derived from the classical membrane theory. For the variable
thickness disk, the resonant frequencies determined by finite
element analysis are compared to the numerically calculated ones.
These resonant frequencies are also compared to the ones associated
with those of the disk where the rotatory inertia and shear
deformation have been taken into account. Transfer Matrix method{4]
is employed using the Runge-Xutta-Gill integration appraoch{3] to
calculate the numerical values. The effect of the transverse load
due to the head loading on the disk is quite negligibles comparec

to the narmonically induced accelerations in the transverse
direction. The effect cf the element size in the radial directicn
on the values of resonant frequency are also discussed.
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ANALYSIS OF PLATES ON ELASTIC FOUNDATIONS: A NEW APPROACH

C.V. Girija Vallabhan, Professor, Dept. of Civil Engineering,
Texas Tech Univ., Lubbock, TX
W. Thomas Straughan, Associate Professor, Dept. of Civil Engineering,
Univ. of New Orleans, New Orleans, LA
Y.C. Das, Visiting Professor, Dept. of Civil Engineering,
Texas Tech Univ., Lubbock, TX

The classical problem of the analysis of plates on elastic foundations has been recognized by
engineers as a complex soil-structure interaction problem. Practicing engineers continue to
use the Winkler model for the analysis of beams and plates resting on elastic foundations
despite the disclosure of some of the inconsistencies of the use of the Winkler model by many
researchers in the past. To use the Winkler model, the engineer has to determine the value of
the modulus of subgrade reaction, k, representing the goil continuum. The most important
behavioral inconsistency of this model is that the analysis of plates carrying a uniformly
distributed lateral load or a uniformly varying load, will result in a rigid body displacement of
the plate with zero bending moment and transverse shear force within the plate. Recognizing
the inherent difficulties in determining the value of k for a foundation, several researchers
such as Biot, Vesic, Filonenko-Borodich, Hetényi, and Pasternak have attempted to make the
Winkler model more realistic. All these works are summarized by Scott (1981) in his book on
foundation analysis. Using Boussinesq equations and finite elements, Cheung and Zienkie-
wicz (1966) modeled plates on elastic foundations, assuming that the soil is a semi-infinite
elastic continuum, an assumption that may not be realistic, because it may lead to conservative
displacements, bending moments and shear forces, etc., in the plate.

Vliasov and Leont'ev (1966), recognizing the difficulty in determining values of k for soils, as
well as the behavioral inconsistency in the Winkler model, postulated a two-parameter model
using a theoretical approach to repregsent the soil continuum. Vlasov's model provided for the
effect of the neglected shear strain energy in the soil and the subsequent shear forces on the
plate edges as a result of the soil displacement. The disadvantage of this model is that it
introduced a parameter, 7, that describes the distribution of the vertical displacement in the soil
medium, whose value has to be estimated and no mechanism was provided for computing its
value. Jones and Xenophontos (1977) derived the relationship between the y parameter and the
surface displacements, and recent work by Vallabhan and Das (1988, 1989, 1991) showed how y
can be calculated numerically for beams on elastic foundations but stopped short of developing
computational techniques for plates.

Using variational calculus and the principle of minimum potential energy theorem, here a
mathematical model for the analysis of rectangular plates on elastic foundations is developed.
The soil is assumed to be layered having a thickness equal to H and resting on a rigid rock
base, with linear elastic properties. The modulus of elasticity of the soil medium can be either
constant or linearly varying with depth. The governing equation of the plate on elastic
foundation becomes:

D V*w - 2t V3w + kw = q in the domain of the plate.

with usual definitions for w, D. q, etc., as used in the Kirchhoff theory of plates. The para-
meters such as k and t are related to the material properties and geometry of the soil continuum
for a given plate and the loading on it. A third parameter yis introduced that depends on the




distribution of the vertical displacement in the s0il medium from the top of the soil surface to the
bottom. This parameter is directly related to the deflected shape of the plate, and thus is not
known apriori; in other words, it depends on the soil depth H, plate size, stiffness of the plate
and the distribution of the loading. Computing a consistent value of the parameter yfor a given
problem is necessary for the accurate analysis of the plate. This computation is internally
made possible by a simple iterative procedure. The major advantage in this model is the
incorporation of the edge shear forces and corner reactions created by the soil surrounding the
plate, a necessary set of elastic reactions from the soil continuum, that is neglected n the
classical Winkler model. The solution of the governing biharmonic differential equation is
achieved by creating a numerical computer model using the finite difference method. At
present, only rectangular plates of uniform thickness can be solved by thi: computer model.
Straughan (1990) solved numerous plate problems involving different depths of soi! medium,
different loading cases such as uniformly distributed load, concentrated loads and line loads.
It is gquite easy tv note that the values of the parameters k and t vary depending on the depth of
the soil, size and stiffness of the plate, and the distribution of the loading. The model can
handle variation of the elastic modulus of the soil in the vertical direction, even though the
model is at present developed for a constant or linear variation of the elastic soil modulus, It is
believed that a linear variation can approximately model most of the layered soil media very
well. The quest for a single value of the modulus of subgrade reaction k for the soil continuum
is thus shown to be futile and can lead to less conservative and erroneous soil-structure
interaction analysis.
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FREE VIBRATION OF POINT SUPPORTED ORTHOTROPIC PLATES

by

D.J. Gorman, Profaessor
Department of Mechanical Engineering
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770 Xing Edward Ave., KIN 6N5 Ottawa

INTRODUCTION

A number of accurate analytical type solutions have now been developed
for the free vibration of isotropic, rectangular plates resting on discrete
point supports. Significant recent papers are referred to in reference [1].
The subject of this paper is the extension of the superposition method, as
discussed in {1], to the problem of point supported orthotropic plates. The
plates are considered to possess rectangular orthotropy, i.e., the principal
directions of orthotropy run parallel to the plate edges. In the analysis
conducted here, each plate is considered to be supported by four discrete
point supports symmetrically distributed about the plate central axis. This
model conveniently lends itself to discussion, but it will be apparent that
solutions are readily achievable regardless of the number of support points or
their distribution if a judicious choice of building blocks is made.

ANALYTICAL PROCEDURE

Because we choose to consider plates with a symmetrical distribution of
point supports, it will be obvious that all modes of free vibration will be
fully symmetric about the central axis, fully anti-symmetric about this axis,
or symmetric about one axis and anti-symmetric about the other axis. Here,
due to space limitations, we will discuss the fully symmetric modes only.

Because of symmetry, we will analyze a quarter of the plate only, as
shown on the left hand side of Figure 1. The forced vibration building blocks
utilized on the right hand side of the figure are essentially identical to
those described for isotropic plate analysis as described in Ref. [2]. Two
small circles adjacent to an edge imply slip-shear conditions, i.e., no
vertical edge reaction and zero slope taken normal to the edge. The first two
building blocks are driven by distributed harmonic bending moments which are
expanded in a Fourier cosine series. There is zero vertical edge reaction
along the driven edges. The third building block is driven by a concentrated
harmonic force. It is at this point that we wish to have zero net
displacement,

Because the analysis is conducted in a manner identical to that
described in Ref. (2] for isotropic plates, only the slight differences will
be pointed out here.

The governing differential equation for the first building block is now
written as

4 4 4
oWEm M, IWEM Dy, { "W (g, m)

= per

- AMw(E,m=0 (1

Y
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FREE VIBRATION OF LAMINATED PLATES OF RECTANGULAR PLANFORM
WITH MULTIPLE INTERMEDIATE LINE SUPPORTS

Serge Abrate
Department of Mechanical and Aerospace Engineering
and Engineering Mechanics
University of Missouri-Rolla
Rolla, MO 65401

In many applications, laminated composite plates of
rectangular planform are supported by a number of intermediate
line supports and constraints on the lowest natural wvibration
frequency must be satisfied. An accurate method for determin-
ing the natural frequencies of such plates is necessary in
order to determine the optimal layup that will maximize the
fundammental natural frequency. The same problem for
isotropic plates was studied by Azimi, Scedel and Hamilton
(1] using the receptance method and later by Kim and Dickinson
[2] who used the Rayleigh-Ritz variational method. A recent
survey of publications on optimal design of laminated plates
and shells [3] indicates that this problem has not been
considered in the literature.

In this investigation, the free vibrations of
symmetrically laminated plates are studied including

twisting-bending coupling in the formulation. Natural
frequencies and mode shapes are obtained using the Rayleigh-
Ritz method. Approximation functions for the transverse

displacements are taken as

Smn(X,Y) = dp(x). pply) (1)

where ¢y(x) and up(y) are polynomial functions satisfying the
essential boundary conditions in the x and y directions
respectively. Here two approaches are taken in order to deal
with intermediate 1line supports. First, the conditions of
zero displacement at intermediate displacements along the
lines x= agy with s= 1, S are included in the displacement
functions
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o (X)= x1tM (x-a;) (x=aj) ... (x~ag) (x-1)]

where i and j account for the support conditions at both ends
and are taken as -1 for a free edge, 0 for a simple support
and 1 for a clamped edge. Here, the equations have been
nondimensionalized so that the plate extends from 0 to 1 in
both directions and the a's are between 0 and 1. Increasing
the value of m, Eq. (2) gives a complete set of functions and
the u's are of the smae form. Using the Rayleigh-Ritz method
with these approximation functions, definite integrals of
di" .M, ¢i"-¢j, ¢i"?j' and ¢j.¢5 as x varies from 0 to 1
must be evaluated. This is done using a symbolic manipulation
package and simple expressions are obtained sor each of those
terms. This method works well for a small number of
intermediate supports parallel to the edges of the plate but
calculations become cumbersome as the number of intermediate
supports increase,

A second approach consists of taking the approximation
functions so that only the essential boundary conditions along
the edges of the plate are satisfied. The conditions of zero
displacements on the intermediate supports are then enforced
using the Lagrange multiplier method. With this approach, the
approximation functions are the same regardless of the number
of intermediate supports. Point supports and oblique 1line
supports can also be handled. Results are obtained for all
combination of boundary conditions along the edges and up to
three line supports in the x and y direction. The influence
of fiber orientation is studied , expressing the plate
rigidities in terms of stiffness invariants and lamination
paranm. “ers. For a given material system, the variation in
natural frequencies is plotted as the lamination parameters
vary over their allowable ranges.

REFERENCES

1- Azimi S., Hamilton J.F., Soedel W., "The Receptance method
Applied to the Free Vibration of Continuous Plate
Structures," J. Sound and Vibration, Vol 93, pp 9-29, 1984

2- Kim C.S., Dickinson S.M., “The Flexural Vibration of Line
Supported Rectangular Plate Systems," J. Sound and
Vibration, Vol 114, No 1, pp 129-142, 1987

3- Abrate S., "Optimal Design of Laminated Plates and Shells,"
Submitted for publication

255
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No known theoretical results exist in the published literature for
the free vibration of circular plates having an exterior V-notch
which cause significant stress singularities [1]. The present work
analyzes circular plates, where such stress singularities occur. The
analysis uses the Ritz method to determine free vibration frequencies
and mode shapes. Transverse displacement functions of two types are
assumed, namely, products of polynomials and trigonometric functions,
and corner functions. The algebraic polynomials and trigonometric
functions assumed are well known and are mathematically complete in
the circular plate region. The corner functions were derived for
plane elasticity and plate bending problems approximately four
decades ago [2,3] to study the nature of t